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TOPOLOGICAL EQUISINGULARITY OF FUNCTION GERMS
WITH 1-DIMENSIONAL CRITICAL SET
JAVIER FERNA´NDEZ DE BOBADILLA
Abstract. We focus on topological equisingularity of families of holomorphic
function germs with 1-dimensional critical set. We introduce the notion of eq-
uisingularity at the critical set and prove that any family which is equisingular
at the critical set is topologically equisingular. We show that if a family of
germs with 1-dimensional critical set has constant generic Le numbers then it is
equisingular at the critical set, and hence topologically equisingular (answering
a question of D. Massey). We use this to modify the definition of singular-
ity stem present in the literature, introducing and characterising topological
stems (being this concept closely related with Arnold’s series of singularities).
We provide another sufficient condition for topological equisingularity for fam-
ilies whose reduced critical set is deformed flatly. Finally we study how the
critical set can be deformed in a topologically equisingular family and provide
examples of topologically equisingular families whose critical set is a non-flat
deformation with singular special fibre and smooth generic fibre.
1. Introduction
In this paper we answer several topological equisingularity questions for holo-
morphic function germs with 1-dimensional critical set.
The topological equisingularity notions that we will handle are the following.
Denote by Bǫ and Sǫ the ball and the sphere of radius ǫ centered at the origin of
Cn. Let f : (Cn, O) → C be a holomorphic germ. The embedded link of f is the
topological type of the pair (Sǫ, f
−1(0) ∩ Sǫ) for ǫ sufficiently small; the abstract
link is the topological type of f−1(0)∩ Sǫ. Two germs f and g are topologically R-
equivalent if there is a germ of self-homeomorphism ϕ of (Cn, O) such that g = f◦ϕ;
if we only have that ϕ(f−1(0)) = g−1(0) then we say that f and g have the same
topological type. By the conical structure of singularities having the same embed-
ded link implies having the same topological type. A family ft : (C
n, O) → C of
holomorphic germs depending continuously on a parameter t varying in a manifold
T is topologically R-equisingular if there is a family of self-homeomorphisms ϕt de-
pending continuously in t and parametrised over T such that ft◦ϕt = ft0 for a fixed
t0 ∈ T and any t ∈ T .
Topological equisingularity has proved to be a very subtle subject, with several
long standing open questions. For instance Zariski’s Multiplicity Question asks
whether two germs with the same topological type must have the same multiplicity
(Question A, [21]).
Suppose that ft has an isolated singularity at the origin and that the Milnor
number of ft is independent on t. Assume n 6= 3. Leˆ and Ramanujam [10] proved
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that the diffeomorphism type of the Milnor fibration of f and of the embedded
link are independent on t. Later King [8] and Timourian [19] proved that for any
t ∈ T there is a neighborhood U of t in T such that the restriction of ft over U
is topologically R-equisingular. As the Milnor number is a topological invariant, if
n 6= 3, it is an invariant characterising topological equisingularity for germs with
isolated singularities. Answering whether families with constant Milnor number are
topologically equisingular for n = 3 is a major open problem.
Topological equisingularity for germs having not necessarily isolated singulari-
ties turns out to be much more difficult, and the theory is less developed than in
the case of germs with isolated singularities. As an illustration of this, and also to
motivate the results of this paper, let us mention some of the latest developments.
In [12], [13] Massey introduced the Leˆ numbers, a set of polar invariants attached
to a germ and to a coordinate system. Suppose that the family ft depends holo-
morphically on a complex parameter t and that the critical set of ft has dimension
s (with n ≥ s + 4) for any t ∈ T , Massey [13] proved that if the Leˆ numbers of ft
with respect to a coordinate system (satisfying a certain genericity property) are
constant then the diffeomorphism type of the Milnor fibration of ft is independent
on t (it was proved by the author in [5] that the homotopy type of the abstract links
remains constant if n ≥ 4, without the condition that n ≥ s+4). It remained open
whether the embedded topological type of ft is independent on t. This was an-
swered in the negative in [5], where counterexamples with critical set of dimension
3 were provided (a counterexample of Zariski’s Question B, of [21] was constructed
as an application). Probably, the main reason of the failure of the Leˆ numbers in
controlling the embedded topological type is the fact that they control primarily
the Milnor fibration, but, as it is shown in [5] in the case of non-isolated singular-
ities the relation of the Milnor fibration with the embedded topological type is, in
general, weak (in the case of isolated singularities the Milnor fibration determines
the embedded topological type). On the other hand, in [6], it was shown that the
generic Leˆ numbers are not topological invariants (even in the case of critical set
of dimension 1). A different approach for topological equisingularity of families
of functions satisfying certain conditions on their Newton polytope can be found
in [4].
In this paper we adopt a new viewpoint towards topological equisingularity.
Although a general formulation of it is possible (and the reader is encouraged to
figure it out) we introduce it for the case of functions with 1-dimensional critical set
(which are the object of interest along this paper). Functions with 1-dimensional
critical set occupy a distinguished position among those with non-isolated singu-
larities, since they are at the limit of series of singularities; we will be more explicit
about this below. The critical set of such a function f (the support of the sheaf of
vanishing cycles) is a curve which is stratified by the Milnor number of the singular-
ity of the generic transverse hyperplane sections. Roughly speaking, a family ft is
equisingular at the critical set if there is a family of self-homemorphisms of (Cn, O)
topologically trivialising the family of critical sets and respecting the stratification
by transverse Milnor number outside the origin (see Definition 24). We may view
equisingularity at the critical set as an intermediate notion between topological
equisingularity itself and the constancy of any candidate set of invariants intended
to imply topological equisingularity. The strategy is to prove that equisingularity
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at the critical set implies (any notion of) topological equisingularity and to find
numerical invariants implying equisingularity at the critical set.
Now we summarise the main results of this paper. In the families that one finds
in practice, the dependence on the parameter is always at least differentiable. We
will work in this paper with families ft of holomorphic germs with 1-dimensional
critical set depending smoothly on a parameter t varying on a manifold T . We will
gain, in case that the family is topologically equisingular, some additional regular-
ity on the trivialising family of homeomorphisms. Often in this paper the space of
paremeters T is assumed to be (diffeomorphic to) a cube [0, 1]n. This is due to the
fact that we prove topological equisingularity theorems which are global over the
parameter space, and in order to achieve it is necessary that the parameter space
has trivial topology. Anyway, if the objetive was to obtain equisingularity results
local over the parameter space, the assumption that it is a cube does not decrease
generality.
Theorem A. (See Theorems 34 and 40 for more details.) If ft is equisingular at
the critical set then
(i) The diffeomorphism type of the Milnor fibration of ft is independent on t.
(ii) The topological type of the embedded link and the topological right-equivalence
type of ft are independent on t.
(iii) If T is a cube then ft is topologically R-equisingular over T . The family of
homeomorphisms ϕt trivialising ft satisfies that the restrictions of ϕt to the
complement of the critical set, and to the critical set minus the origin is a
diffeomorphism, and the dependence on t of ϕt restricted to these strata is
differentiable.
Theorem B. (See Theorem 42.) If ft depends holomorphically on a parameter and
any of the following conditions hold:
(1) there is a coordinate system Z such that the Leˆ numbers at the origin of ft
with respect to Z are defined and independent of t,
(2) the generic Leˆ numbers at the origin of ft are independent of t,
then ft is equisingular at the critical set.
We immediately deduce
Corollary C. (See Theorem 41.) Suppose that ft depends holomorphically on a
parameter, if one of the following conditions hold
(1) there is a coordinate system Z such that the Leˆ numbers at the origin of ft
with respect to Z are defined and independent of t,
(2) the generic Leˆ numbers at the origin of ft are independent of t,
then the embedded topological type of ft at the origin and the the diffeomorphism
type of the Milnor fibration is independent of t ∈ T . Moreover, if T is (diffeomor-
phic to) a cube, the restriction of the family over T is topologically R-equisingular.
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This recovers Massey’s Theorem [13] for 1-dimensional critical set and answers
positively Massey’s question about the embedded topological type, in contrast with
what happens for higher dimensional critical set [5].
Isolated hypersurface singularities are related to non-isolated ones through the
idea of “series of singularities”. In his classification of low codimensional µ-classes
of isolated singularites [1], [2], Arnol’d observed that the list of singularities splits
into series. Although it was impossible to give a precise definition of what a series
of singularities is, it became clear that series are associated with singularities of in-
finite codimension (non-isolated singularities). Inspired by Arnol’d remark C.T.C
Wall formulated a conjecture (see the Conjecture at the introduction of [20]), or
rather, a guiding principle for classification of singularities. Later D. Mond [16]
introduced the idea of singularity stem, as a first step to understand the notion of
series of singularities in the context of mappings from C2 to C3 (the idea is that
a singularity stem is a non-isolated singularity which lies in the limit of a series of
singularities). Following a suggestion of Montaldi, Pellikaan [17] defined inductively
the notion of stem of degree d, characterised stems of degree 1 as functions with
irreducible 1-dimensional critical set and transversal type A1, and proved that any
stem of finite degree is a function with 1-dimensional critical set. He was also able
to give bounds on the degree of the stem depending on the number of irreducible
components of the critical set of the function and the transversal Milnor number.
Here we modify the concept of stem and define topological stem (see Definition 50).
With this notion we prove
Theorem D. (See Theorem 51.) A holomorphic function germ f : (Cn, O)→ C is
a topological stem of positive finite degree if and only if its critical set is 1-dimesional
at the origin. Moreover the degree of the stem is bounded above by the generic first
Leˆ number at the origin of f .
Our modification of the definition of stem consists essentially in replacing dif-
ferentiable R-equivalence by topological R-equivalence. This is natural since series
in Arnol’d classification of singularities are in fact topological series (series of µ-
classes), and thus it is therefore reasonable that the object to find at the limit of the
series admits a topological definition as well. It is interesting to notice that Theo-
rem D is an application of our sufficient conditions for topological R-equisingularity,
which is not at reach using any of the previously known sufficient conditions for
equisingularity.
A consequence of our theory and of the results of [3] is the following theorem,
giving an alternative sufficient condition of topological equisingularity, for the case
that the reduced critical set is deformed flatly:
Theorem E. (See Theorem 53.) Let f : C × (Cn, O) → (C, 0) be a family of
holomorphic germs at the origin, holomorphically depending on a parameter t, and
having 1-dimensional critical set at the origin. Let Σ := V (∂f/∂z1, ..., ∂f/∂zn).
Suppose that all the irreducible components of Σ at (0, O) are of dimension 2 and
that the restriction
π : Σred → C
is a flat morphism with reduced fibres (where Σred is Σ with reduced structure and
π is the restriction of the projection of C × Cn to the first factor) such that the
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Milnor number at the origin µ((Σred)t, O) (in the sense of [3]) is independent of t.
If, in a neighborhood of (0, O) in C × Cn, the generic transversal Milnor number
of ft at any point (t, x) of Σred \ C× {O} only depends on the irreducible compo-
nent of Σred to which (t, x) belongs then the family f is topologically R-equisingular.
Finally we study how the reduced critical set may vary in a family which is
topologically R-equisingular. It seems that there are no further restrictions appart
from the obvious topological ones. We observe a great amount of flexibility in the
critical set of a topologically equisingular family. We exhibit a family ft (see Exam-
ple 54) which is topologically R-equisingular and the reduced critical set is singular
for t = 0 and smooth for t 6= 0 (thus the deformation of reduced critical sets is
non flat). To the author’s knowledge it is the first time that this phenomenon is
observed. Example 54 is a family for which the sufficient conditions for topological
equisingularity given in Theorem E fail: we really need the finer Theorem A to
establish the equisingularity. In Problem 56 we propose to construct more families
which are equisingular at the critical set starting out of deformations of parametri-
sations (this is the way how Example 54 was constructed). The motivation for it
is based on the following observation: the change at multiplicity of the critical set
of ft implies, using Leˆ-Iomdine formulas (see [14]), that adding a high power of a
linear function to ft will not yield a µ-contant family. This suggests that, in the
realm of function germs with 1-dimensional critical set, we have more space to find
a possible counterexample of Zariski’s multiplicity question than in the realm of
isolated singularities.
For the proof of Theorem A we need a improved version of the Theorems of King
and Timourian as follows:
Preliminary Theorem. Let ft be a family of germs with isolated singularities at
the origin, with constant Milnor number, and depending smoothly on a parameter t
which varies on a cube T . Then the family is topologically R-equisingular over T ,
and the restriction of the trivialising family of homeomorphisms ϕt, to C
n \ {O} is
a family of diffeomorphisms depending smoothly on the parameter t.
The methods appearing in [7], [8] and [19] are certainly local in the base. We need
to introduce a new device, which we call a cut, which allow us to prove the result
above, which is global in the base, and also enables to prove the differentiability
outside the origin. Moreover the method with which we prove the Preliminary
Theorem provides tools that generalise well to prove Theorem A.
A natural question is to determine the relation between equisingularity at the
critical set and topological equisingularity. We conjecture that they coincide:
Conjecture A. A family ft of function germs with 1-dimensional critical set de-
pending smoothly on t is equisingular at the critical set if and only if ft is topolog-
ically equisingular to ft′ , for any parameters t, t
′.
It is easy to reduce the above conjecture to the following one:
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Conjecture B. Let f be a function germ with smooth 1-dimensional critical set
such that the transversal Milnor number of f at any point of its critical set is in-
dependent on the point. Then any function germ g topologically equisingular to f
has smooth critical set and constant transversal Milnor number.
Actually I expect the following stronger statement to be true:
Conjecture C. Let g be a function germ with irreducible 1-dimensional critical
set. Let µ denote the transversal Milnor number of f at a generic point of its
critical set. If the reduced Euler characteristic of the Milnor fibre of f is equal to
(−1)nµ, then f is a function germ with smooth 1-dimensional critical set such that
the transversal Milnor number of f at any point of its critical set is equal to µ.
In fact, by a recent result of Leˆ-Massey [9] and Tibar [18], in conjectures B
and C it suffices to prove that the critical set of g is smooth. Conjecture C is a
numerical characterisation of function germs with 1-dimensional critical set which
are topologically a product.
The material is distributed as follows.
In Section 2 we introduce cuts and prove the Preliminary Theorem. In Section 3
we define a particular kind of neighborhoods of the origin in Cn which are essential
in the proof of Theorem A. In Section 4 we introduce equisingularity at the critical
set. In Section 5 we prove parts (i) and (ii) of Theorem A. In Section 6 we prove
part (iii) of Theorem A. In Section 7 we prove Theorem B. In Section 8 we define
topological stems and prove Theorem D. Finally, in Section 9 we prove Theorem E,
study how the reduce critical set deforms in a topologically equisingular family, and
construct Example 54.
I would like to thank M. Pe Pereira and T. Gaffney for their careful reading
and useful corrections and suggestions. This paper is dedicated to Mar´ia Jose´
Herna´ndez Navarro and to Juan Jose´ Olaza´bal Valverde.
2. The case of isolated singularities revisited
2.1. Cobordisms. A subspace X ⊂ RN is smoothly stratified if it admits an strat-
ification whose strata are smooth submanifolds. A stratified subspace Y ⊂ X is
a subspace which is a union of strata. Given any subset X of RN we denote by
X˙ the subset of interior points, and by ∂X its frontier X \ X˙. Observe that if
X is a stratified space, then both X˙ and ∂X are forcedly stratified subspaces. A
stratified cobordism between X0 and X1 is, by definition, a triple (X,X0, X1) given
by a stratified space X and two stratified subspaces X0, X1 of ∂X , satisfying the
following condition: for any stratum A ⊂ X the ”cobordism closure”
Aˆ := A ∪ (∂A ∩ (X1 ∪X2))
has a structure of manifold with boundary (being the boundary ∂A∩(X1∪X2)). A
stratified cobordism is homotopically (homologically) trivial if the inclusions of X0
and X1 in X are homotopy (homology) equivalences. Given a stratified space Y ,
the product Y × [0, 1] inherits a natural stratification which makes the triple (Y ×
[0, 1], Y × {0}, Y × {1}) a stratified cobordism. A stratified cobordisms (Y, Y0, Y1)
is trivial if there is a homeomorphism
ϕ : (X,X0, X1)→ (Y × [0, 1], Y × {0}, Y × {1})
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such that for any stratum A ⊂ X there is a stratum B ⊂ Y such that
ϕ|Aˆ : Aˆ→ B × [0, 1]
is a diffeomorphims between manifolds with boundary. Two special cases of strat-
ified cobordisms will be of special interest. The first is the case in which X is a
compact manifold with two boundary components X1 and X2. Then our definitions
coincide with the usual ones. We will say that in this case we have a (non-stratified)
cobordism between X1 and X2. The second is when X is a manifold with corners
and the boundary ∂X admits a decomposition ∂X = X0∪X1∪Y , whereX0, X1 and
Y are manifolds with boundary and we have ∂X0 = X0 ∩ Y , ∂X1 = X1 ∩ Y . Then
∂Y = ∂X0 ∪ ∂X1 and (Y, Y ∩X0, Y ∩X1) is a cobordism. We say that (X,X0, X1)
is a cobordism with boundary between X0 and X1, and that (Y, Y ∩X0, Y ∩X1) is
the boundary cobordism.
Setting and notation. Thorought the rest of this section we denote by
π : E → U
be a smooth complex vector bundle of rank n over a manifold U . Let
f : E → C
be a smooth germ at {O}×U whose restrictions to the fibres of π are holomorphic.
Assume that the Milnor number µ(f |Ep) is independent of p ∈ U . Denote by
φ : E → U × C
the mapping φ := (π, f). Fix a hermitian metric for the vector bundle E and let ρ
be the associated (fibrewise) ”distance to the origin” function. ConsiderK ⊂ U and
let θ : K → R+ be any positive continuous function. We define the θ-neighborhood
of K as
B(K, θ) := {x ∈ E : π(x) ∈ K and ρ(x) ≤ θ(π(x))}.
Given subsets A ⊂ U and B ⊂ E, we will denote the intersection B ∩ π−1(A) by
BA or by B|A.
2.2. Cuts.
Definition 1. A cut for f over a submanifold (possibly non-closed and with cor-
ners) V ⊂ U with amplitude δ is a closed smooth hypersurface H of φ−1(V ×Dδ)
with the following properties:
(1) For any (t, s) ∈ V × Dδ the level set φ−1(t, s) is smooth outside the zero
section of π and transverse to H at any of their intersection points.
(2) There is a unique connected component of φ−1(V × Dδ) \ H containing
the zero-section of E. Its closure Yint(H,V, δ) is a smooth manifold with
corners, called the interior component, and the restriction
π : Yint(H,V, δ)→ V
is a smooth locally trivial fibration with contractible fibres.
(3) For any t ∈ V and any radius ǫt for the Milnor ball of ft the space
φ−1(t, 0) ∩ Yint(H,V, δ) \ B˙((O, t), ǫt)
is a smooth trivial cobordism.
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Usually V will be either an open subset of U or the closure of an open subset. If
H is a cut over V of amplitude δ then for any V ′ ⊂ V submanifold and δ′ < δ, the
hypersurface H ∩ φ−1(V ′ ×Dδ′) is a cut over V ′ with amplitude δ′, we will abuse
notation and denote by Yint(H,V
′, δ′) the interior component of the new cut. We
need the following relation in the set of cuts: let H and H ′ be cuts over open
subsets V and V ′ with amplitudes δ and δ′ respectively. We say that H  H ′ if
Yint(H,V ∩ V
′,min{δ, δ′}) ⊂ Yint(H
′, V ∩ V ′,min{δ, δ′}).
The strict version of the relation is: we say that H ≺ H ′ if
Yint(H,V ∩ V
′,min{δ, δ′}) ⊂ Y˙int(H
′, V ∩ V ′,min{δ, δ′}).
Observe that HV  HW if V ∩W = ∅. Beware that the relation is not an ordering,
and that given two cuts related in both directions, they are not necessarily equal.
The following Lemma shows that cuts appear naturally
Lemma 2. Suppose n 6= 3. For a fixed t ∈ U we consider a pair (ǫ, δ) of radii for
the Milnor fibration of ft, There exists an open neighborhood V of t ∈ U such that
φ−1(V ×Dδ) ∩ ∂B(V, ǫ) is a cut over V of amplitude δ.
Proof. Conditions (1) and (2) are easy. Condition (3) is contained in the proof of
Leˆ-Ramanujam Theorem [10]. 
Lemma 3. Suppose n 6= 3. If we have an open subset V ⊂ U , a positive δ and a
closed smooth hypersurface HV of ϕ
−1(V ×Dδ), and HV satisfies the conditions of
a cut at a point t ∈ V , then there is an open neighborhood V ′ of p in V such that
HV ∩ ϕ−1(V ′ ×Dδ) is a cut over V ′ of amplitude δ.
Proof. The proof is an application of h-cobordism Theorem as in the proof of Leˆ-
Ramanujam Theorem [10]. 
2.3. Extension of cuts.
Definition 4. Let V1 ⊂ V2 be submanifolds of U and H1, H2 cuts of the same
amplitude δ over V1 and V2 respectively. We say that H2 is an extension of H1, if
we have H2 ∩ φ−1(V1 ∩Dδ) = H1.
We consider the following situation: define I := [0, 1]. Denote by C the d-
dimensional cube Id, with its natural structure of manifold with corners, and U :=
(−ǫ, 1 + ǫ)d for a certain ǫ > 0.
All the cuts below are chosen with the same amplitude δ. Consider two cuts H+
andH− defined over U , with H− ≺ H+. Let A be a contractible union of faces of C.
We consider a cut H0 over a neighborhood V of A, which satisfies H− ≺ H0 ≺ H+.
We consider also a number of pairs
(B1, µ1), ...(Bk1 , µk1) (C1, ν1), ...(Ck2 , νk2),
where the Bi’s and the Ci’s are faces of C, each µi denotes a cut over a contractible
neighborhood B′i of Bi in U and each νi denotes a cut over a contractible neighbor-
hood C′i of Ci in U . Suppose that the following relations hold: H− ≺ µi for any i,
H− ≺ νi for any i, µi ≺ µj if i < j, µi ≺ H0 for any i, µi ≺ νj for any i, j, µi ≺ H+
for any i, H0 ≺ νi for any i, νi ≺ νj if i > j, and νi ≺ H+ for any i.
We will need the following extension Lemma:
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Lemma 5. In the setting above, after possibly shrinking U and V to smaller neigh-
borhoods of the corresponding sets, and possibly decreasing δ, there exists a cut H ′0
over U with amplitude δ which extends H0 and satisfies H− ≺ H0, µi ≺ H0 for any
i, H0 ≺ νi for any i, and H0 ≺ H+.
Proof. Define
Y := Yint(H+, U, δ) \ Yint(H−, U, δ).
By Ehresmann Fibration Theorem and the contractibility of U ×Dδ the mapping
φ : Y → U ×Dδ
is a trivial fibration. From the defining properties of a cut and an easy manipulation
with cobordisms we deduce that each fibre of φ is a trivial cobordism.
We will use the following fact:
Fact 1: let A be a contractible closed union of faces of C and V be a neigh-
borhood of A in U . There exist a compact neighborhood D1 of A in V , whose
boundary ∂D1 is a smooth hypersurface in U , an open neighborhood D2 of C in U
and a smooth mapping
(1) ξ : D2 \ D˙1 → ∂D1
which is a trivial fibration over its image, which is contractible, with fibre diffeomor-
phic to the half-open interval [0, 1) (the closed extreme of the fibres corresponding
with the intersection of the fibre with ∂D2). Let
(2) Ψ : D2 \ D˙1 → [0, 1)× ξ(D2 \ D˙1)
be a diffeomorphism giving a trivialisation.
This fact follows from easy geometrical considerations. As an example we do in
detail the case in which A = [0, 1]d1 × {0}d2, with d1 + d2 = d. Let σ denote the
usual distance function in Rd. We may consider
D1 := {p ∈ R
d : σ(p,A) ≤ ǫ1},
D2 := {p ∈ R
d : σ(p, C) < ǫ2},
for 0 << ǫ2 << ǫ1 << 1, and define ξ(x1, ..., xd) to be the only intersection point
of ∂D1 with the segment joining (x1, ..., xd) with (x1, ..., xd1 , 0, ..., 0). We encourage
the reader to draw a picture of this construction.
We shall proceed in two steps.
Step 1: we shall inductively reduce to the case in which k1 + k2 = 0. Suppose
that k1 + k2 > 0. Assume that k2 > 0.
Choose any point t ∈ C1. From the defining properties of a cut, an easy ma-
nipulation with cobordisms, Ehresmann Fibration Theorem and the fact that C′1 is
contractible, it follows that the restrictions
φ : Yint(H+, C′1, δ) \ Yint(ν1, C
′
1, δ)→ C
′
1 ×Dδ,
φ : Yint(ν1, C′1, δ) \ Yint(H−, C
′
1, δ)→ C
′
1 ×Dδ,
are smooth trivial fibrations with fibre a trivial smooth cobordism. Hence, it is easy
to construct a smooth vector field Y in Y |C′1×Dδ which is tangent to the fibres of φ
such that its associated flow defines a diffeomorphism ψ : (H−)|C′1×Dδ×[0, 1]→ YC′1
satisfying the equality
(3) Yint(ν1, C′1, δ) \ Yint(H−, C
′
1, δ) = ψ((H−)|C′1×Dδ × [0, 1/2]).
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We are going to extend Y to a vector field X defined in Y . As C1 is a face, we may
choose D1 to be the neighborhood of C1 in C
′
1, and D2 the neighborhood of C in U
so that the mapping (1) exists as predicted by Fact 1. Using that φ : Y → U ×Dδ
is a trivial fibration, it is easy to prove that there exists a smooth diffeomorphism
Φ : YD2\D˙1 → [0, 1)× Yξ(D2\D˙1)
such that, if qi denotes the projection of [0, 1)×Yξ(D2\D˙1) to the i-th factor (i = 1, 2),
then
(i) the mappings
(Ψ, IdDδ )◦φ : YD2\D˙1 → [0, 1)× ξ(D2 \ D˙1)×Dδ
and
(q1, φ|Yξ(D2\D˙1)
)◦Φ : YD2\D˙1 → [0, 1)× ξ(D2 \ D˙1)×Dδ
coincide,
(ii) the restriction q2◦Φ|Yξ(D2) is the identity; moreover, the mappings
(0, IdYD1 ) : YD1 → [0, 1)× Y
and Φ glue to a smooth mapping.
We define a smooth vector field X in YD2 piecewise as follows: the restriction of
X to YD1 is equal to the restriction of Y|YD1 ; the restriction of X to Y(D2\D˙1) is the
pullback by Ψ of the vector field in [0, 1)×Yξ(D2\D˙1) whose [0, 1)-component is zero
and whose Yξ(D2\D˙1)-component is equal to the restriction Y|Yξ(D2\D˙1)
. Observe
that X is smooth, tangent to the fibres of φ, extends Y, and its flow trivialises the
cobordism given by each fibre of φ.
We redefine U := D2. Then the flow of X induces a diffeomorphism
ϕ : H− × [0, 1]→ Y.
Let {θ1, θ2} be a partition of unity subordinated to {C′1 ×Dδ, (U \ C1) ×Dδ}.
Define β := 1/2θ1 + θ2. Let σ : Y → [0, 1] be the smooth function σ := p2◦ϕ−1,
with p2 the projection of H− × [0, 1] to the second factor. We claim that if C
′
1 is a
sufficiently small neighborhood of C1 in U , then:
(a) for any 1 ≤ i ≤ k1 and any x ∈ µi|Bi we have σ(x) < β(π(x)),
(b) for any 2 ≤ j ≤ k2 and any x ∈ νj |Ci we have σ(x) < β(π(x)), and
(c) for any x ∈ H0|A we have σ(x) < β(π(x)).
Consider x ∈ µi|Bi∩D1 . Observe that we have Equality (3) together with the
fact that µi ≺ ν1 implies that σ(x) < 1/2. By continuity this inequality occurs in
a neighborhood of x in µi. On the other hand σ(x) < 1 for any x ∈ µi. Hence,
using that Bi × Dδ is compact, it is easy to see that , by shrinking C′1, we have
σ(x) < β(φ(x)) for any x ∈ µi. This shows property (a). The proofs of properties
(b) and (c) are analogous.
Now, by continuity, shrinking B′i, C
′
j and V , we have
(a) for any 1 ≤ i ≤ k1 and any x ∈ µi|B′i we have σ(x) < β(π(x)),
(b) for any 2 ≤ j ≤ k2 and any x ∈ νj |C′i we have σ(x) < β(π(x)), and
(c) for any x ∈ H0|V we have σ(x) < β(π(x)).
By construction the subspace ν′1 := {ϕ(x, β(π(x))), x ∈ H−} is a closed smooth
hypersurface of π−1(U) ∩ f−1(Dδ) which constitutes a cut over U and satisfies
H− ≺ ν
′
1, µi ≺ ν
′
1 for any i, H0 ≺ ν
′
1 and νi ≺ ν
′
1 for any i 6= 1.
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Then we can redefine H+ := ν
′
1 and we have k1 + k2 strictly smaller. We have
worked out the case in which k2 > 0. The case in which k1 > 0 is identical.
Inductively we are reduced to the case k1 + k2 = 0.
Step 2: We assume k1 = k2 = 0.
As A is a contractible closed union of faces of C, a simpler version of the argument
of Step 1 allows to construct, after eventually shrinking U and V , a cut H ′0 over U
which extends H0 and satisfies
H− ≺ H
′
0 ≺ H+.

2.4. Existence of cuts. In this section we let L denote either a point or the circle
S
1. Again C denotes the cube Id ⊂ Rd. Let U := L × (−ǫ, 1 + ǫ)d for a certain
ǫ > 0. We shall make the following assumption:
Assumption A: there exists ζ > 0 such that ρ−1(ǫ) meets φ−1(t, 0) transversely
for any t ∈ L× {(0, ..., 0)} and any positive ǫ ≤ ζ.
Remark 6. Observe that, as the restriction of ρ to each fibre of π is real analytic,
the assumption is satisfied automatically if L is a point (see [11]), pages 21-25.
Lemma 7. Let θ : U → R+ be a positive continuous function. There exists a
neighborhood V of L × {(0, ..., 0)} in U , and positive ǫ and δ such that HV :=
ρ−1(ǫ) ∩ φ−1(V × Dδ) is a cut over V of amplitude δ such that Yint(HV , V, δ) is
contained in B(U, θ).
Proof. The proof is easy after Lemmas 2 and 3. 
Proposition 8. Let θ : U → R+ be any continuous function. After possibly shrink-
ing U to a smaller neighborhood of L × C in L × Rd, there exits positive ǫ, δ, a
neighborhood V of L × {(0, ..., 0)} in U and a cut H over U of amplitude δ such
that
(1) the space Yint(H,U, δ) is contained in B(U, θ),
(2) the cut H extends the cut HV := ρ
−1(ǫ)∩φ−1(V ×Dδ) obtained in Lemma 7.
Proof. We will assume L = S1. The proof for the case in which L is a point is a
simplification of the case presented here.
For any t ∈ L×C we choose a positive ǫt < θ(t) such that ρ|φ−1(t,0)∩ρ−1((0,ǫt]) is
a submersion. By Lemma 2 there exists a neighborhood Ut of t in U and a positive
δt such that H+(Ut) := φ
−1(Ut ×Dδt) ∩ ρ
−1(ǫt) is a cut over Ut with amplitude δt
and Yint(H+(Ut), Ut, δt) is contained in B(U, θ).
By compactness of L and C there exists a finite cover {Ut}t∈A of L × C which
contains a collection {Ut}t∈A0, with A0 ⊂ A ⊂ U , which covers L×{(0, ..., 0)} and
satisfies that A0 ⊂ L× {(0, ..., 0)}.
Let γ : I → S1 be the parametrisation defined by γ(t) = e2πit. Given a partition
0 = α0 < α1 < ... < αr = 1
we define Ij := [αj−1, αj ] and also, for any multi-index J = (j0, ..., jd), the cube
CJ := γ(Ij0)×
d∏
r=1
Ijr ,
12 JAVIER FERNA´NDEZ DE BOBADILLA
which is contained in L × C. Choose the partition so fine that any cube CJ is
contained at least in an open set of the cover {Ut}t∈A, and moreover, if CJ meets
L × {(0, ..., 0)}, then it is contained in an open set of the cover {Ut}t∈A0 . We
assign to each CJ a fixed set Ut(J) of the cover containing it, taking care that if
CJ meets L× {(0, ..., 0)} then t(J) belongs to A0. We denote Ut(J) by UJ . Define
ǫJ := ǫt(J). Define δJ := δt(J). Choose δmin and ǫmin strictly smaller than any δJ
and ǫJ respectively.
By Lemma 7 there exists a neighborhood V of L × {(0, ..., 0)} in U , positive
ǫ < ǫmin, δ < δmin such that HV := ρ
−1(ǫ) ∩ φ−1(V × Dδ) is a cut over V of
amplitude δ.
Choose a positive η strictly smaller than ǫ. For any t ∈ L × C we choose a
positive ξt < η such that ρ|φ−1(t,0)∩ρ−1((0,ξt]) is a submersion. By Lemma 2, for any
t ∈ L × C, there exists a neighborhood Vt of t in U and a positive δ′t < δmin such
that H−(Vt) := φ
−1(Ut × Dδ′t) ∩ ρ
−1(ξt) is a cut over Vt with amplitude δ
′
t. We
pick Vt so small that it is contained in any UJ which contains t.
By compactness we can choose a finite cover {Vt}t∈B of L× C.
For each j, given any subdivision
αj = αj,0 < αj,1 < ...αj,s = αi+1,
we define the intervals Ij,k := [αj,k−1, αj,k] ⊂ I and, for multi-indexes J = (j0, ..., jd)
and K = (k0, ..., kd) we define the cubes
CKJ := γ(Ij0,k0)×
d∏
r=1
Iir ,jr .
Each cube CJ splits in an union of the cubes C
K
J , where K vary.
We choose the subdivisions so fine that each cube CKJ is contained in an open
subset of the cover {Vt}t∈B. We assign to each cube C
K
J a fixed open subset VtKJ
containing it. We denote VtKJ by V
K
J , and define ξ
K
J := ξtKJ , ǫ
K
J := ǫJ and δ
K
J := δ
′
tKJ
.
Given ζ > 0 we define the intervals I˜i,j := (αi,j−1 − ζ, αi,j + ζ) and the open
cubes
C˜KJ := γ(I˜j0,k0)×
d∏
r=1
I˜jr ,kr .
Choose ζ small enough so that
(i) the closure of C˜KJ is contained in V
K
J , and hence in UJ ,
(ii) for any choice of indexes, the sets C˜KJ and C˜
K′
J′ meet if and only if C
K
J and
CK
′
J′ meet.
Condition (i) and the compactness of the closure of C˜JI imply that we can shrink
δKJ such that
H+(C˜
K
J ) := φ
−1(C˜KJ ×DδKJ ) ∩ ρ
−1(ǫKJ )
and
H−(C˜
K
J ) := φ
−1(C˜KJ ×DδKJ ) ∩ ρ
−1(ξKJ )
are cuts over C˜KJ with amplitude δ
K
J .
We choose δ > 0 smaller than δKJ for any choice of multi-indexes (J,K).
Given a fixed choice of multi-indexes (J,K) we consider the following cuts:
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• for any indexes (J ′,K ′) different from the fixed ones, and such that ǫK
′
J′ <
ǫKJ we consider the cut
νK
′
J′ (C˜
K
J ) := φ
−1((C˜KJ ∩ C˜
K′
J′ )×Dδ) ∩ ρ
−1(ǫK
′
J′ )
over C˜KJ ∩ C˜
K′
J′ with amplitude δ,
• for any indexes (J ′,K ′) different from the fixed ones, and such that ξK
′
J′ >
ξKJ we consider the cut
µK
′
J′ (C˜
K
J ) := φ
−1((C˜KJ ∩ C˜
K′
J′ )×Dδ) ∩ ρ
−1(ξK
′
J′ )
over C˜KJ ∩ C˜
K′
J′ with amplitude δ.
Because of Condition (i) and the compactness of the closure of C˜KJ it is clear
that a small modification of ǫKJ and ξ
K
J keeps all the properties obtained above. An
adequate perturbation making the ǫKJ ’s and the ξ
K
J ’s pairwise different gives rise to
the following properties:
The cuts νK
′
J′ (C˜
K
J ) obtained by letting (J
′,K ′) vary are linearly related by  and,
moreover, if two multi-indexes (J ′,K ′) and (J ′′,K ′′) are such that C˜KJ and C˜
K′′
J′′
meet then, if the cuts νK
′
J′ (C˜
K
J ) and ν
K′′
J′′ (C˜
K
J ) are defined, they are necessarily
related by ≺ in one of the directions. The same happens for the cuts µK
′
J′ (C˜
K
J )
obtained by letting (J ′,K ′) vary. We have moreover
µK
′
J′ (C˜
K
J ) ≺ ν
K′′
J′′ (C˜
K
J ),
H−(C˜
K
J ) ≺ µ
K′
J′ (C˜
K
J ),
µK
′
J′ (C˜
K
J ) ≺ H+(C˜
K
J ),
H−(C˜
K
J ) ≺ ν
K′
J′ (C˜
K
J ),
νK
′
J′ (C˜
K
J ) ≺ H+(C˜
K
J )
for any choice of multi-indexes for which the expression makes sense.
Shrink V to a neighborhood of L×{(0, ..., 0)} in U which is small enough that it
only meets C˜KJ if C
K
J meets L×{(0, ..., 0)}. If C
K
J meets L×{(0, ..., 0)} we consider
the cut
HC˜KJ ∩V
:= φ−1((C˜KJ ∩ V )×Dδ) ∩HV
obtained by restriction over C˜KJ ∩ V of the previously constructed cut HV .
By our constructions (choosing the perturbation of the ǫKJ ’s and the ξ
K
J ’s small
enough) we have:
(4) H−(C˜
K
J ) ≺ HC˜K
J
∩V ,
(5) HC˜K
J
∩V ≺ H+(C˜
K
J ),
(6) µK
′
J′ (C˜
K
J ) ≺ HC˜K
J
∩V ,
(7) HC˜K
J
∩V ≺ ν
K′
J′ (C˜
K
J ).
We shall construct the cut H extending HV step by step over the cubes C
K
J
using Lemma 5. Order the cubes CKJ lexicographically in (j0, ..., jd, k0, ..., kd).
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We start with the first cube, that is (J,K) = (0, ..., 0). Observe that
A := (S1 × {(0, ..., 0)}) ∩ U
(0,...,0)
(0,...,0) = γ(I0)× {0}
d
is a contractible union of faces of C0,...,00,...,0 . We apply Lemma 5 and obtain a cut
H(C˜
(0,...,0)
(0,...,0)) which extends HC˜(0,...,0)
(0,...,0)
∩V
and satisfies the relations analogous to
(4)-(7) with respect to the cuts H−(C˜
(0,...,0)
(0,...,0)), H+(C˜
(0,...,0)
(0,...,0) ), µ
K′
J′ (C˜
(0,...,0)
(0,...,0)) and
νK
′
J′ (C˜
(0,...,0)
(0,...,0) ), for (J
′,K ′) varying. We redefine V := V ∪ C˜0,...,00,...,0 and the cut HV
as the union of the previous HV and H(C˜
(0,...,0)
(0,...,0)). By construction, the new cut
HV satisfies the following property: for any (J,K) the cut HC˜K
J
∩V given by the
restriction of HV over C˜
K
J ∩ V satisfies relations (4)-(7)
The inductive step runs similarly. 
Remark 9. Choose any point p ∈ C. The above proposition is valid (with the
same proof, up to some notational complication) if we let L × {p} play the role of
L× {(0, ..., 0)} both in Assumption A and in the statement of the Proposition.
2.5. Topological equisingularity of µ-constant families. Let θ1 : U → R+ be
any continuous function. We choose a positive δ1 and a cut H1 as predicted by
Proposition 8. In order to simplify the notation we denote Yint(H1, U, δ) simply by
Y1. We view U embedded in Y1 as the zero section of the vector bundle π : E → U .
Define Y ∗1 := Y1 \ f
−1(0).
Lemma 10. There exists a smooth vector field X in Y |L×C \ (L × C) with the
following properties:
(1) it is tangent to the fibres of π,
(2) There exists a vector field W in D∗δ , which is radial, pointing to the origin
and of modulus |W(z)| ≤ |z|2, such that df(X )(x) = W(f(x)) for any
x ∈ Y ∗1 ,
(3) the vector field X is tangent to f−1(0),
(4) any integral curve converges to the origin of the fibre of π in which it lies
in infinite time.
Proof. We will construct X as the amalgamation of two vector fields Y and Z.
We define each of them separately. Denote by V the vector field in D∗δ which is
radial, pointing at the origin and of modulus ||V(z)|| = ||z||2. Consider in U ×D∗δ
the vector field V ′ characterised by being tangent to the fibres of the projection of
U × D∗δ to the first factor, and a lift by the projection of U × D
∗
δ to the second
factor of the vector field V . As φ : Y ∗1 → U ×D
∗
δ is submersive we can define the
vector field Y in Y ∗1 to be a lifting of V
′ by the mapping φ.
For the definition of Z some auxiliary constructions are needed. We will shrink U
when necessary without explicitly mentioning it. There is a continuous function θ2 :
U → R such that the inclusion B(U, θ2) ⊂ Y1 is satisfied. Applying Proposition 8 to
the function 1/2θ2 we obtain new positive δ2 (which we choose to be smaller than
δ1/2) and a cut H2 of amplitude δ2 such that Y2 := Yint(H2, U, δ2) is contained in
B(U, 1/2θ2).
We iterate this procedure to obtain an infinite sequence of cuts Hi over L × C
with amplitude δi, which gives rise to an infinite, nested, sequence
(8) Y1 ⊃ Y2 ⊃ ... ⊃ Yi ⊃ ...
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of closed neighborhoods of L×C, satisfying that ∩∞i=1Yi is equal to the zero section.
Define Zi := Yi∩f−1(Dδi+1)\Y˙i+1. By Property (1) of Definition 1 the restriction
φi := φ|Zi : Zi → L× C ×Dδi+1
is a locally trivial fibration. By Property (3) of Definition 1 and an easy manipu-
lation with cobordisms, its generic fibre is a trivial cobordism.
By the second property that Proposition 8 predicts for the cut Hi there is a
neighborhood Vi of L× {(0, ..., 0)} in U and a positive ǫi such that
Hi ∩ π
−1(Vi) = φ
−1(Vi ×Dδi) ∩ ρ
−1(ǫi).
We have that {ǫi}i∈N is a decreasing sequence converging to 0.
Observe that we have
Z ′i := Zi ∩ π
−1(Vi+1) = φ
−1(Vi+1 ×Dδi+1) ∩ ρ
−1([ǫi+1, ǫi]).
Using Assumption A, and possibly shrinking Vi+1 and δi+1 we obtain that the
restriction of ρ to each fibre of φi|Z′i is a submersion. Therefore there exists a
vector field Z ′i on Z
′
i which is tangent to the fibres of φi|Z′i , non-zero at any point,
and such that dρ(Z ′i) = −1. Consequently, its flow takes (Yi ∩Hi ∩ f
−1(Dδi+1))Vi
to (Yi+1 ∩Hi+1)Vi in finite time Ti = ǫi − ǫi+1.
We may suppose that Vi is of the form L × Bi, with Bi a small ball centered
around (0, ..., 0) in Rd. Using that C is a cube and the fact that φi is a locally
trivial fibration, we may (in the same way that we extended Y to X in Step 1 of
the proof of Lemma 5) extend Z ′i to a vector field Zi on Zi which is tangent to the
fibres of φi, non-zero at any point, and whose flow takes Yi ∩ Hi ∩ f−1(Dδi+1) to
Yi+1 ∩Hi+1 in time Ti. We rescale the vector field in order to ensure that Ti := 1.
As, for any i ∈ N, both Zi and Zi+1 are transverse to Hi+1, and both of them
point into Yi+1. Using an adequate partition of unity, we may glue the vector
fields {Zi}i∈N to a vector field Z defined in ∪i∈NZi, nowhere vanishing and tangent
to the fibres of φ. Up to a rescaling of Z we may assume that its flow takes
Yi ∩Hi ∩ f−1(D˙δi+1) to Yi+1 ∩Hi+1 in time Ti = 1.
Let ρ1 : Dδ → [0, 1) be a smooth function vanishing at 0 and positive in D∗δ . Let
ρ2 : U → R be an smooth function with support contained in ∪i∈NZi and which is
identically 1 in a neighborhood of f−1(0) ∩ (∪i∈NZi) in ∪i∈NZi. Define the vector
field X := (ρ1◦f)Y + ρ2Z on Y . The first three properties that Z must satisfy are
clear by construction (for the second one we take W = ρ1V ′).
For the fourth observe that as
∑∞
i=1 Ti = ∞ the convergence to the origin in
infinite time is clear for any curve contained in f−1(0). Let γ(t) be an integral
curve lying off f−1(0). By property (2) and the fact that X is tangent to the fibres
of π (which are compact) it must accumulate in infinite time to a point in f−1(0),
but since X is defined and non-zero at f−1(0) \ E0, the only possibility is that γ
satisfies property (4). 
Notation. Let H1 θ1, Y1, δ1 as in the beginning of the section. Denote the cut
H1 by H , the space Y1 by Y , and δ1 by δ for simplicity of notation. Consider the
natural projections σ1 : L × C → L, σ2 : L × C → C. We view L as a subset of
L×C via its natural identification with L×{(0, ..., 0)}. View L×C as a subset of
Y identifying it with the zero section of E|L×C . Given a subset A ⊂ E, we define
∂πA := ∪t∈U∂At, that is, the union of the frontiers of the fibres over U .
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The globalisation of Timourian’s [19] and King’s [8] result that we will need is
the following:
Theorem 11. There exist a homeomorphism
(9) Ψ : Y → YL × C
such that
(1) We have the equality π = (σ1◦π|YL◦p1, p2)◦Ψ, where pi is the projection of
YL × C to the i-th factor (i = 1, 2).
(2) We have the equality f |YL◦p1◦Ψ = f .
(3) The restriction of Ψ to Y \ (L× C) is smooth.
Proof. By Ehresmann fibration Theorem the mappings
(10) φ|Y ∩f−1(∂Dδ) : Y ∩ f
−1(∂Dδ)→ U × ∂Dδ,
(11) φ|H∩Y : H ∩ Y → U ×Dδ
are locally trivial fibrations, (whose fibre are diffeomorphic respectively to the Mil-
nor fibre of ft, and the abstract link of ft for any t ∈ U).
Observe that we have
∂πY = (Y ∩ f
−1(∂Dδ)) ∪ (H ∩ Y ),
∂π(Y ∩ f
−1(∂Dδ)) = ∂π(H ∩Y ) = (Y ∩ f
−1(∂Dδ))∩ (H ∩Y ) = Y ∩ f
−1(∂Dδ)∩H.
Using the fibrations above and the fact that C is a cube (and hence contractible)
we will construct a diffeomorphism
(12) ψ : ∂πY → C × ∂πYL
such that, if let ψ play the role of Ψ, properties (1) and (2) are true at the points
where ψ is defined. We define first the restriction of ψ to Y ∩ f−1(∂Dδ), and after
extend it to H ∩ Y .
Lift a radial vector field Z1 steming from (0, ..., 0) in C, first to a vector field
Z2 in L × C whose projection to L vanishes, and then to a vector field Z3 in
Y ∩ f−1(∂Dδ) which is tangent to the fibres of f . The existence of the lifting Z2
is obvious, and the existence of the lifting Z3 follows because the mapping (10) is
locally trivial. The inverse of the restriction of ψ to Y1∩f−1(∂Dδ) can be obtained
easily from the flow of Z3.
Now we extend ψ to H ∩ Y . We consider a lift Z4 of Z2 in H ∩ Y which is
tangent to the fibres of f , and which coincides with Z3 at their common domain
Y ∩ f−1(∂Dδ)∩H (this lift exists by the local triviality of the mapping (11)). The
inverse of the desired extension is constructed easily from the flow of Z4.
In order to obtain Ψ we have to extend ψ to the interior of Y .
The set Z := ∂πY ×[0,∞) is a manifold with corners The properties of the vector
field X constructed in Lemma 10 easily imply that, if ϕ denotes its flow, then the
restriction
ϕ|Z : Z → Y \ L× C
is a diffeomorphism.
Define the restriction Ψ|Y \L×C as the composition of the following sequence of
mappings
Y \ L× C
ϕ|−1
Z−→ ∂πY × [0,∞)
(ψ,id[0,∞))
−→ C × ∂πYL × [0,∞)
(idC ,ϕ|Z)
−→ C × YL,
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and the restriction Ψ|L×C as
Ψ|L×C := IdL×C .
By construction each of the restrictions Ψ|Y \L×C and Ψ|L×C := IdL×C is
smooth. The mapping Ψ is continuous at L × C because ψ satisfies Property
(1) of the statement. Property (1) of the statement is also satisfied by Ψ because ψ
satisfies it and X satisfies Property (1) of Lemma 10. Property (2) of the statement
is satisfied by Ψ because ψ satisfies it and X satisfies Property (2) of Lemma 10. 
Corollary 12. Let f : C × (Cn, O)→ C be a smooth family of holomorphic germs
defining isolated singularities at the origin with constant Milnor number. Let p
be any base point in C. Define the space Y as in Theorem 11. There exists a
homeomorphism
Ψ : Y → C × Y |p
satisfying properties (1− 3) of Theorem 11.
Proof. We only have to notice that Assumption A is satisfied (Remark 6). 
Remark 13. The above result improves the results of King and Timourian ([8],[19])
in the sense that it is global in the base (we do not need to pick a small neighborhood
of p ∈ C in order to find the trivialisation), and also because the trivialisation Ψ is
smooth at all the strata where it can possibly be (smoothness at the origin can not
be expected since isolated singularities have non-trivial moduli).
2.6. Families over Riemann surfaces. Now we prove Assumption A in an im-
portant situation in which L = S1.
Let S be a compact surface diffeomorphic to S1 × I embedded as a smooth
submanifold in a Riemann surface S˜. As we are only interested in a neighborhood
of S we can assume that S˜ is diffeomorphic to S1× (−ǫ, 1+ ǫ) for a certain positive
ǫ; we fix a product decomposition and denote by
α : C˜ → (−ǫ, 1 + ǫ)
the projection to the second factor. We suppose that U = C˜ and that the vector
bundle π : E → U and the function f are holomorphic. Recall that we have defined
φ := (π, f).
Proposition 14. There is a finite subset J ⊂ I such that, for any p ∈ I \ J , there
exists ζ > 0 satisfying that ρ−1(ǫ) meets ϕ−1(t, 0) transversely for any positive ǫ ≤ ζ
and any t ∈ α−1(p), In other words, up to a finite number of exceptional p ∈ I,
assumption A is satisfied over α−1(p) = S1 × {p}.
Proof. Recall that the critical set of the function f coincides with the zero section of
π and the restrictions of f to the fibres of the bundle π have an isolated singularity
at the origin with Milnor number not depending on the particular fibre.
By the holomorphicity of π and f , the locus Z in which the stratification
(13) {f−1(0) \ C˜, C˜}
fails to satisfy Whitney conditions is the complex analytic subset where the µ∗
sequence jumps. The set Z is of dimension 0, and hence discrete. Thus Z ∩ S is
finite. Define J := α(Z) ∩ I.
Suppose p ∈ I\J . If the statement of the proposition fails there exists a sequence
{xn}n∈N in Eα−1(p), converging to a point x in the zero section over α
−1(p) such
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that xn is a critical point for the restriction of ρ to f
−1(0) ∩ Eπ(xn). Then it
is easy to check that the tangent space Txnf
−1(0) of f−1(0) at xn contains the
orthogonal complement (by the hermitian inner product) of the line π(xn), xn in
Eπ(xn). Choosing a subsequence we may assume that Txnf
−1(0) converges to a
complex hyperplane H of TxE and that π(xn), xn converges to a line l contained in
π−1(π(x)), which satisfies that H contains the hermitian orthogonal complement of
l in π−1(π(x)). As p does not belong to J , the stratification (13) satisfies Whitney
conditions at x, and therefore we have that l is also included in H . Then H is in
fact equal (by dimensional reasons) to π−1(π(x)).
Now we choose a sequence {yn}n∈N, with f(yn) 6= 0 and yn so close to xn that
the sequence of hyperplanes Tynf
−1(f(yn)) has limit H . Such sequence shows that
Thom’s Af -condition is not satisfied at x by the open stratum of the stratification
(14) {E \ f−1(0), f−1(0) \ C˜, C˜},
which is in contradiction with the fact that the transversal Milnor number of f is
constant along C˜. 
We recall our original setting: consider a smooth manifold U = S1 × (−ǫ, ǫ)d,
a smooth complex vector bundle π : E → U and a complex smooth function
f : E → C whose restriction to the fibres of π is holomorphic. Suppose that f
has an isolated singularity at the origin of each fibre of π, with Milnor number
independent of the fibre.
The next corollary allows to apply the topological equisingularity results ob-
tained in this section in many situations.
Corollary 15. Suppose L = S1. Assume that there is a smoothly embedded path
γ : (−ζ, ζ) →֒ [0, 1]n (with image B := γ(−ζ, ζ)) such that S˜ := S1 × B has a
structure of Riemann surface compatible with the smooth structure, and that ES˜
has a structure of holomorphic vector bundle which makes the restriction of f |ES˜
holomorphic. Then, for a generic point p ∈ B, Assumption A is satisfied if we let
S1 × {p} play the role of S1 ×{(0, ..., 0)}. Therefore the statement of Proposition 8
holds letting S1 × {p} play the role of S1 × {(0, ..., 0)} (Remark 9). Hence also all
the topological equisingularity results stated above hold for the family f .
3. Adapted neighborhoods
Let f : (Cn, O) → C be any holomorphic germ. For the homotopical study of
the Milnor fibration of f , different classes of systems of neighborhoods of the origin
are possible (see the definition of system of Milnor neighborhoods in [14] page 105).
For the topological study of the Milnor fibration and of the embedded link of
a function one has to be more careful. In [11] pages 21-25 it is proved that if
ρ : Cn → R is non-negative continuous, real analytic except at the origin, and such
that ρ−1(0) = {O} (we will refer to it as an analytic distance function), then, for ǫ
small enough, the system of ρ-balls {ρ−1([0, ǫ)} is a system of Milnor neighborhoods
for f . Moreover it is shown that the homeomorphism type of the Milnor fibration
and the embedded link of f is independent of the chosen analytic distance function.
We take as definition up to homeomorphism of Milnor fibration and embedded link
of f the ones obtained with an analytic distance function. This choice coincides
with Milnor’s original definition (see [15]).
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We will need a kind of systems of neighborhoods that can not be defined with
analytic distance functions. We will have to check that the Milnor fibration and the
embedded link defined with this kind of neighborhoods are, up to homeomorphisms,
the same than the ones defined above.
Definition 16. Let M be a manifold and Σ ⊂ M × Cn be a smooth submanifold
such that the restriction of the projection π :M×Cn →M to Σ is a submersion and
for any m ∈ M the fibre Σm ⊂ {m} × Cn is a complex submanifold of dimension
1 (a Riemann surface). Denote by T (M × Cn,M)→M × Cn the relative tangent
bundle of π. Denote by T (Σ,M)→ Σ the relative tangent bundle of the submersion
π|Σ. Let S ⊂ Σ be a submanifold. A normal bundle to Σ over S is a complex vector
subbundle p : N → S of rank n− 1 of T (M ×Cn,M)|S such that N +T (Σ,M)|S =
T (M × Cn,M)|S , (that is, its fibre Np is transverse to T (Σ,M)p for any p ∈ S).
We endow N with the hermitian metric coming from a hermitian product in
M×Cn. If S is compact there exists a positive η such that the tubular neighborhood
TN(η) := B(S, η) ⊂ N
of the zero section of N is naturally embedded in M × Cn.
Assumption. Assume from this point that the critical set Σf of f has dimension
at most 1. Denote by Σsmf the smooth part of Σf .
Observe that f−1(0) is a stratified space with the stratification (f−1(0)\Σf ,Σ
sm
f , {O}).
Definition 17. A system of neighborhoods of the origin adapted to f is a system
{Uα}α∈A of neighborhoods of the origin such that for any α ∈ A there exists δα > 0
(which is called a Milnor disk radius for Uα), satisfying
(1) the neighborhood Uα is a compact manifold with boundary ∂Uα.
(2) There is a tubular neighborhood W of Σf ∩ ∂Uα in ∂Uα such that W coin-
cides with TN(η) for a certain normal bundle to Σ
sm
f called
p := N → Σf ∩ ∂Uα,
and a certain η > 0.
(3) The function f has no critical points in Uα∩f−1(D∗δα), and for any s ∈ Dδα
the boundary ∂Uα meets f
−1(s) transversely (in the stratified sense for
s = 0).
(4) For any β such that Uβ ⊂ U˙α, and any δ < min{δα, δβ} there is a homeo-
morphism
(15) κ : (Uα \ U˙β) ∩ f
−1(Dδ)→ ∂Uβ ∩ f
−1(Dδ)× [0, 1]
whose restrictions to ((Uα \ U˙β) ∩ f
−1(Dδ)) \ Σf ) and to (Uα \ U˙β) ∩ Σf
are smooth and which satisfies f = f◦p1◦κ, where p1 is the projection of
∂Uβ ∩ f−1(Dδ)× [0, 1] to the first factor.
(5) For δ > 0 small enough the space Uα ∩ f−1(Dδ) is contractible.
Remark 18. The fourth condition of the last definition implies that the space
(16) f−1(s) ∩ Uα \ U˙β
is a trivial (stratified when s = 0) cobordism for any s ∈ Dδ.
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Let {Uα}α∈A be a system of neighborhoods of the origin adapted to f . By
Ehresmann Fibration Theorem, for any smooth neighborhood Uα of the origin
adapted to f , the mapping
(17) f : Uα ∩ f
−1(D∗δα)→ D
∗
δα
is locally trivial. Its restriction over ∂Dδα is called the Milnor Fibration of f for
Uα.
We define the embedded link of f in Uα as the pair
(18)
(
∂(Uα ∩ f
−1(Dα)), f
−1(0) ∩ ∂(Uα ∩ f
−1(Dα))
)
.
The abstract link is, by definition, the space f−1(0) ∩ ∂(Uα ∩ f−1(Dα)).
Property (4) of Definition 17 implies that the topological type of the embedded
link, and the diffeomorphism type of the Milnor fibration are independent of α ∈ A.
Hence the the Milnor fibration and the embedded link associated to a system of
neighborhoods adapted to f are well defined objects.
Lemma 19. The homotopy type of the abstract link and of the Milnor fibre is
independent on the system of neighborhoods adapted to f used to define it. Any
system of neighborhoods adapted to f is a system of Milnor neighborhoods for f
([14], Definition/Proposition A.1).
Proof. Suppose that we have two systems of neighborhoods {Uα}α∈A and {Vβ}β∈B
adapted to f . Consider sequences {αn}n∈N, {βm}m∈N such that Uαn ⊂ V˙βn and
Vβn+1 ⊂ U˙αn . By definition of adapted system of neighborhoods, for any n there
exists δ such that the cobordisms f−1(s) ∩ (Uα \ U˙αn+1) and f
−1(s) ∩ (Vβ \ U˙βn+1)
are trivial for any s ∈ Dδ. It is easy to deduce that the cobordisms
f−1(s) ∩ (Vβn \ U˙αn)
are homotopically trivial for any sufficiently small s. This implies the lemma. 
We will prove:
• the Milnor fibration of f for {Uα}α∈A is C∞-equivalent with the classical
Milnor fibration of f defined by Milnor.
• the topological type of the embedded link associated to any neighborhood
adapted to f coincides with the classical embedded link defined by Milnor.
In the remaining part of the section we exhibit a particular system of neighborhoods
of the origin adapted to f for which these assertions are true. After this, it is enough
to show that the Milnor fibration and the embedded link are independent of the
neighborhood of the origin adapted to f . This will be achieved in the next sections.
We will use the following Lemmas several times in the sequel.
Lemma 20. Let f : (Cn, x)→ C be a holomorphic germ with smooth 1-dimensional
critical locus Σf . Suppose that the generic transversal Milnor number of f at any
point y ∈ Σf is equal to a constant µ. If H is a hyperplane transverse to Σf through
x then µ(f |H , x) = µ.
Proof. The Leˆ numbers of f with respect to a generic coordinate system Z0 are
λ1f,Z0(y) = µ and λ
0
f,Z0
(y) = 0 for any y ∈ Σf . As H is transverse to Σf there is
another prepolar coordinate system, Z1 := {z1, ..., zn}, with V (z1) = H . The first
Leˆ number λ1f,Z1(x) is equal to the Milnor number µ
′ of f |z−11 (z1(y))
at y, for y ∈ Σf
generic. We claim that µ′ = µ.
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As µ is the generic transversal Milnor number we have µ′ ≥ µ. By definition of
the first Leˆ number we have the equality λ1f,Z1(x) = λ
1
f,Z1
(y) for any y ∈ Σf . Hence
as the alternating sum of the Leˆ numbers equals the reduced Euler characteristic
of the Milnor fibre, which is equal to µ, if µ′ > µ then λ0f,Z1(y) 6= 0. On the other
hand, the locus where λ0f,Z1(y) is different from zero is the intersection locus of the
relative polar curve Γ1f,Z1 with Σf . As, by definition of Γ
1
f,Z1
, it can not contain
Σf we have that λ
1
f,Z1
(y) = 0 at most points. Hence the claim is true.
As µ is the generic transversal Milnor number we have µ(f |H , x) ≥ µ. If the
inequality is strict then the relative polar curve Γ1f,Z1 meets Σf at x, and hence
λ0f,Z1(x) > 0. Then, as λ
1
f,Z1
(x) = µ, the alternating sum of the Leˆ numbers cannot
be equal to the reduced Euler characteristic µ. We get a contradiction which forces
the equality µ(f |H , x) = µ. 
Remark 21. Here we sketch an altenate proof of the previous Lemma suggested
by T. Gaffney: let Ht be a family of generic hyperplanes, so f |Ht is a µ-constant
family. Then Thom’s Af condition holds, and therefore no hyperplane transverse to
the critical line can be a limit of tangent hyperplanes. A result of Leˆ-Henry states
that if H is not a limit of tangent hyperplanes then f |H has the generic transversal
Milnor number.
Lemma 22. Let M be a manifold and Σ ⊂M ×Cn be a smooth submanifold such
that π|Σ is a submersion and, for any m ∈ M , the fibre Σm ⊂ {m} × Cn is a
complex submanifold of dimension 1. Consider a compact submanifold S ⊂ Σ and
a normal bundle p : N → S to Σ over S. There exists a normal bundle p′ : N ′ → Σ
to Σ whose restriction to S coincides with p : N → S.
Proof. Let σ : P→M ×Cn be the projectivised dual of T (M ×Cn,M)→M ×Cn.
An element of P is a pair (H,x) where x ∈ M × Cn and H is a hyperplane of
T (M × Cn,M)x. Define Z ⊂ P|Σ as
Z := {(H,x) ∈ P|Σ : H ⊃ T (Σ,M)x}.
As T (Σ,M)x is a line in T (M × Cn,M)x the fibre Zx is a hyperplane of the
projective space Px. Hence the restriction
(19) σP|Σ\Z : P|Σ \ Z → Σ
is an affine bundle. Any affine bundle admits a differentiable global section, and
hence can be given a structure of vector bundle.
Observe that giving a normal bundle to Σ over a submanifold S of Σ is the same
that giving a smooth section of the vector bundle (19) over S. Using a partition of
unity it is possible to extend the section smoothly to a global one. 
3.1. Construction of adapted neighbourhoods. . Consider any hermitian
product in Cn and let ρ be the distance function to the origin induced by it. Denote
by Bǫ the ρ-ball centered at the origin of radius ǫ. Choose ǫ0 sufficiently small so
that
(1) the stratification
{Bǫ0 \ f
−1(0), Bǫ0 ∩ f
−1(0) \Σf , Bǫ0 ∩ Σf \ {O}, {O}}
satisfies Whitney conditions,
(2) the sphere Sǫ meets f
−1(0) transversely (in a stratified sense) for any ǫ < ǫ0,
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It is well known that the system of neighborhoods {Bǫ}0<ǫ<ǫ0 satisfies all the
properties of a system of neighborhoods of the origin adapted to f except the
second one. We are going to modify the neighborhoods so that this property is
satisfied as well.
Fix 0 < ǫ < ǫ0. The intersection Σf ∩ Sǫ is a disjoin union of circles. We will
modify Sǫ locally near each circle. We assume for simplicity of notation that there is
only one circle S. For ξ > 0 small enough A := Σf ∩Bǫ+ξ \ B˙ǫ−ξ is diffeomorphic to
S× [−ξ, ξ] by a diffeomorphism whose second component in the product S× [−ξ, ξ]
is the function ρ− ǫ. We identify A and S × [−ξ, ξ] via the diffeomorphism.
I claim that there is a normal bundle p : N → A to A such that
(i) for any s ∈ S × [−ξ/3, ξ/3] the fibre Ns is contained in the tangent space of
the level set of ρ at s,
(ii) it is holomorphic over S × [2ξ/3, ξ].
There is a normal bundle p1 : N1 → S × [−ξ/3, ξ/3] to T satisfying the first
property: as T meets the level sets of ρ transversely, if ξ is small enough, for any
s ∈ S × [−ξ/3, ξ/3] the hermitian orthogonal complement to the vector s ∈ Cn
is transverse to TsA (we are using the natural trivialisation of the tangent bundle
T Cn) and contained in TSρ(s). The fibres of N1 are, by definition, those hermitian
orthogonal complements.
Choose a coordinate system {z1, ..., zn} of C
n such that, for any x in a punctured
neighborhood of the origin, the hyperplane V (z1 − z1(x)) is transverse to TxΣf .
Then the subbundle
(20) p : Nz1 → Σf \ {O}
whose fibre over x is V (z1− z1(x)) is a normal bundle to Σf in the same punctured
neighborhood. The bundle p2 : N2 → S × [2ξ/3, ξ] is defined as the restriction of
the bundle (20) over S × [ξ/2, ξ].
Any normal bundle p : N → A to A expending N1 and N2 (which exists by
Lemma 22) satisfies requirements (i) and (ii). The claim is proved.
Pick η > 0 so small that TN(η) is embedded in C
n and TNS(η) is contained in
Bǫ+ξ. The restriction f |N is a smooth function, whose restriction to NS×[2ξ/3,ξ]
and to the fibres of p is holomorphic. As a consequence of condition (1) above, the
generic transversal Milnor number of f at any point t ∈ A is independent on the
point t. Hence, by Lemma 20, the restriction of f to the fibres of p has an isolated
singularity at the origin with Milnor number independent of the fibre. As we are
in the situation of Corollary 15, we can use Theorem 11 in order to obtain (after
possibly shrinking η) a continuous flow
(21) Φ : TNS(η)× [−ξ, ξ]→ C
n
whose restrictions to the zero section S × [−ξ, ξ] and its complement are smooth,
such that
(a) for any s ∈ S we have ρ◦Φ(s, t) = ǫ+ t,
(b) the flow lines are contained in the fibres of f and are compatible with the
bundle projection p (the projection by p of a flow line is a flow line); the flow
takes S × [−ξ, ξ] into A.
Conditions (i) and (a) above, and the compatibility of the flow lines with p,
imply that, if η is chosen small enough, there exists a positive small enough ξ′ such
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that any flow line of the restriction
(22) Φ′ := Φ|TNS (η)×[−ξ′,ξ′] : TNS(η)× [−ξ
′, ξ′]→ Cn
is transverse to the level spheres of ρ and points outwards. Hence for any x ∈ TNS(η)
there exists at most one value α(x) ∈ (−ξ′, ξ′) such that Φ′(x, α(x)) belongs to Sǫ.
Since S is contained in Sǫ, we have that α(x) is zero for any x ∈ S. We have defined
a function
α : TNS(η)→ R
which is continuous, constant and equal to 0 in S, and smooth outside S.
The mapping Ψ : TNS(η) → C
n defined by the formula Ψ(x) = Φ′(x, α(x)) is a
homeomorphism of TNS(η) onto its image W , a neighborhood of S in Sǫ. Consider
a smooth function µ : Sǫ → [0, 1], with support K contained in W , and identically
1 in a neighborhood of S. We deform Sǫ as follows: we define the homotopy
ϕ : Sǫ × [0, 1]→ C
n
piecewise by ϕ(x, λ) := Φ′(x,−λµ(x)α(Ψ−1(x))) if x ∈ W and ϕ(x, λ) := x if x
is not contained in K. For fixed λ the mapping ϕ(, λ) is a homemorphism onto
its image and coincides with IdSǫ if λ = 0. We denote by Uǫ,λ the region of C
n
bounded by ϕ(Sǫ, λ).
For any λ ∈ {0, 1} the neighborhood Uǫ,λ satisfies Properties (1) and (3) of
Definition 17, and Property (2) is satisfied for λ = 1.
Using Property (b) of the flow (21) and the fact that Property (4) of Definition 17
is satisfied by the system {Bǫ}0<ǫ<ǫ0 it is easy to show that for any ǫ
′ < ǫ there
exists δ > 0 such that there is a homeomorphism
(23) κ : (Uǫ,1 \ B˙ǫ′) ∩ f
−1(Dδ)→ (Sǫ′ ∩ f
−1(Dδ))× [0, 1]
whose restriction to ((Uǫ,1 \ B˙ǫ′)∩f−1(Dδ))\Σf ) and to (Uǫ,1 \ B˙ǫ′)∩Σf is smooth
and satisfies f = f◦p1◦κ, where p1 is the projection of (Sǫ′ ∩ f
−1(Dδ)) × [0, 1] to
the first factor. In particular
• for any ǫ′ < ǫ, there exists δ > 0 such that for any s ∈ Dδ the space
(24) f−1(s) ∩ Uǫ,1 \ B˙ǫ′
is a trivial (stratified when s = 0) cobordism,
• we have a homeomorphism
(25)
(∂(Bǫ′∩f
−1(Dδ)), f
−1(0)∩∂(Bǫ′∩f
−1(Dδ))) ∼= ∂(Uǫ,1∩f
−1(Dδ)), f
−1(0)∩∂(Uǫ,1∩f
−1(Dδ))).
Property (5) of Definition 17 for Uǫ,λ is a consequence of property (b) of the
flow 21 and the fact that for any ǫ′ < ǫ the ball Bǫ′ satisfies it.
We construct a system of neighborhoods as follows. Give a decreasing sequence of
positive numbers {ǫn}n∈N converging to the 0. For any n we produce a deformation
Uǫn,λ of Bǫn as above. The choices can be made so that Uǫn,λ is contained in B˙ǫn−1
for any n ∈ N.
Proposition 23. The family {Uǫn,1}n∈N is a system of neighborhoods adapted to
f . Moreover the topological type of the embedded link associated to it, and the
diffeomorphism type of the Milnor fibration associated with it coincides with the
classical ones.
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Proof. Property (4) of Definition 17 (the only one that remains to be checked)
follows easily using that it is satisfied for the system {Bǫn} and that we have the
homeomorphism (23).
The triviality of cobordism (24) implies also the diffeomorphisms of Milnor fibra-
tions. The fact that the embedded link associated to {Uǫn,1}n∈N is homeomorphic
to the pair
(∂Bǫn ∩ f
−1(Dδ), f
−1(0) ∩ (∂Bǫn ∩ f
−1(Dδ)),
which, by a Theorem of [15] is homeomorphic to (Sǫ, f
−1(0) ∩ Sǫ) (the classical
embedded link), is essentially due to homeomorphism (25). 
4. Equisingularity at the critical set
Setting. Let T be a connected smooth manifold. A smooth family of holomorphic
germs ft : (C
n, O) → C depending on a parameter t ∈ T , is given by a smooth
function f : U → C defined at an open neighborhood of {0}×T in T ×Cn satisfying
that the restriction ft := F |Cn×{t} is holomorphic for any t ∈ T . We view T ×C
n as
a trivial vector bundle over T and consider the natural projection τ : T ×Cn → T .
Let Σt denote the critical set of ft. Define Σ := ∪t∈TΣt. Consider a hermitian
product in T × Cn and denote by ρ the distance to the origin in each fibre.
Now we define equisingularity at the critical set. Roughly speaking, the family ft
is equisingular at the critical set if the family of critical sets Σt is topologically equi-
singular by a family of homeomorphisms preserving the transversal Milnor number
(outside the origin). This is formalised as follows.
Given any A ⊂ T , B ⊂ T × Cn and a positive function θ : A → R+ we define
BA = B|A and B(A, θ) as in the previous section. Choose t ∈ T , there exists
a positive ǫt such that ∂B((t, O), ǫ) meets Σt transversely for any ǫ ≤ ǫt. Then
Σt ∩ B((t, O), ǫt) is homeomorphic to the cone over Σt ∩ ∂B((t, O), ǫt), and there
is an irreducible component of the germ (Σt, (t, O)) for each connected component
of Σt ∩ ∂B((t, O), ǫt). Let Σt = ∪
ri
i=1Σt,i be the decomposition of (Σt, (t, O)) in
irreducible components. The number ǫt can be chosen small enough that, for any
i ≤ r, the generic transversal Milnor number at any point of Σt,i ∩ B((t, O), ǫt) \
{(t, O)} is equal to a constant µt,i.
We will identify T with T × {O}.
Definition 24. Let ft be a smooth family of holomorphic germs. Suppose that
Σt is 1-dimensional at the origin for any t. We say that ft is equisingular at the
critical set if the following conditions are satisfied:
(1) The space Σ\T is smooth of real dimension 2+dim(T ) at any of its points,
and such that the restriction τ |Σ\T is a submersion.
(2) The previous property implies that for any t ∈ T , there exists a neighborhood
Wt of t in T so small that Σt′ meets ∂B((t, O), ǫt) transversely for any
t′ ∈Wt. For any t′ ∈Wt the space
Σt′ ∩B((t, O), ǫt)
is homeomorphic to Σt ∩ B((t, O), ǫt), (notice that if the homemorphism
exists it can be chosen sending (t, O) to (t, O)).
(3) The previous property implies that for any t, t′ ∈ Wt, there is a bijective
correspondence (induced by inclusion) between the connected components of
Σt ∩B((t, O), ǫt) \ {(t, O)},
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ΣWt ∩B(Wt, ǫt) \ ({O} ×Wt)
and
Σt′ ∩B((t, O), ǫt) \ {(t, O)}.
For any t′ ∈Wt let Σt′,i be the connected component of Σt′ ∩B((t, O), ǫt) \
{(t, O)} corresponding to Σt,i. The generic transversal Milnor number of
ft′ at any point of Σt′,i \ {(t′, O)} is µt,i.
Remark 25. Condition (2) of the previous Definition can be phrased informally
saying that the underlying deformation of critical sets is topologically equisingular.
It is important to notice that it implies that for any t′ close to t, the function ft′ has
no isolated singularities in B((t, O), ǫt). As Σt′ is of real dimension 2 the condition
can be rephrased in any of the following formulations: the cobordism
Σt′ ∩B((t, O), ǫt) \ B˙((t, O), ǫt′ )
• is trivial in the smooth category,
• is homologically trivial.
Let V be any neighborhood of the origin adapted to ft. A consequence is that ∂V
meets Σt transversely for any α. ChooseWt so small that Σt′ meets ∂V transversely
for any t′ ∈Wt. Let V ′ be any neighborhood of the origin adapted to ft′ such that
V ′ ⊂ V˙ .
Remark 26. By Property (4) of Definition 17, Property (2) of Definition 24, and
an easy cobordism manipulation, the cobordism
(26) Σt′ ∩ V \ V˙
′
is trivial.
Here it is a conormality Lemma (in the sense of [14], Definition A.7)
Lemma 27. Let ft be a smooth family of holomorphic germs such that Σt is 1-
dimensional at the origin for any t. Suppose that ft is equisingular at the critical
set. Given t ∈ T and V , a smooth neighborhood of the origin adapted to ft, there
exists a neighborhood Wt of t in T , and a positive δ such that
(1) there is a normal bundle p : N → Σ∩(Wt×∂V ) to Σ such that for a certain
positive η the space TN (η) embeds as a tubular neighborhood of Σ∩(Wt×∂V )
in Wt × ∂V ,
(2) the fibre f−1t′ (s) meets transversely (in the stratified sense when s = 0) the
boundary ∂V for any t′ ∈ Wt and s ∈ D∗δ .
Proof. There is a normal bundle to Σt called p : N → Σt ∩ ∂V , and a positive η
such that TN(η) is naturally embedded in ∂V . There is a neighborhoodWt of t ∈ T
such that Σ ∩ (Wt × ∂V ) is included in Wt × TN (η), and the restriction
τ |Σ∩(Wt×∂V ) : Σ ∩ (Wt × ∂V )→Wt
is submersive (hence a locally trivial fibration).
For any t′ ∈ Wt the fibre Σt′ ∩ ∂V is a disjoint union of circles, contained in
{t′} × TN (η). In each connected component of {t′} × TN (η) we find exactly one
circle. Define
Ξ :Wt × C
n → {t} × Cn
by Ξ(t′, x) := (t, x). Fix any t′ ∈Wt. The inclussion
ι : TN (η) →֒ N
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induces a fibration
p◦ι◦Ξ|{t′}×TN (η) : {t
′} × TN (η)→ Σt ∩ ∂V.
If Wt is small enough and t
′ ∈ Wt, each circle of Σt′ ∩ ∂V meets transversely the
fibres of p◦ι◦Ξ|{t′}×TN (η). Observe that the fibre of p◦ι◦Ξ|{t′}×TN (η) at any point
(t, y) ∈ Σt ∩ ∂V is a n− 1-dimensional complex analytic submanifold of {t′} ×Cn.
Given (t′, x) ∈ ∩Σt′ ∩ ∂V we denote by H(t′,x) the complex tangent space at (t
′, x)
of the unique fibre of p◦ι◦Ξ|{t′}×TN (η) to which (t
′, x) belongs. Define
p : N → Σ ∩ (Wt × ∂V )
as the bundle whose fibre over any point (t′, x) ∈ Σ∩ (Wt × ∂V ) is H(t′,x). Clearly
p is a normal bundle extending p, and, if η is small enough then TN(η) is naturally
embedded in Wt × ∂V and satisfies Condition (1).
The space TN (η) has exactly one connected component Ci for each connected
component of Σt ∩ ∂V . Let µi be the transversal Milnor number corresponding to
the i-th connected component of Σt ∩ ∂V . As p is a normal bundle, by Property
(3) of Definition 24 and Lemma 20, we deduce the following: for any connected
component Ci, the restriction of f to any fibre of pCi is an analytic function which
has an isolated singularity at the origin with Milnor number µi. By the constancy
of the Milnor number we get, perhaps shrinking Wt and diminishing η, that the
restriction of ft′ the the fibres of Ci have no critical points outside the origin. This
implies the existence of a positive δ such that f−1t′ (s) is transverse (in the stratified
sense if s = 0) to ∂V in TN (η), for any t
′ ∈Wt and s ∈ Dδ.
If Wt and δ are sufficiently small and t
′ ∈ Wt and s ∈ Dδ, the transversality
of f−1t′ (s) to ∂V outside TN (η) follows because f
−1
t (0) is transverse to ∂V outside
TN(η) and the transversality is an open condition. 
5. The embedded topological type and the Milnor fibration
Assumption. Thorought the rest of the paper we assume n ≥ 5.
Along this section we let ft : (C
n, O) → C be a smooth family of holomorphic
germs depending on a parameter t varying in a smooth manifold T . Let f : T×Cn →
C be the smooth function defining the family. We assume that the critical set of
ft at the origin is of dimension 1 for any t, and that the family is topologically
equisingular at the critical set. Denote by
ψ : T × Cn → T × C
the mapping (τ, f).
Notation. Given A ⊂ T × Cn× and B ⊂ T we define AB = A ∩ τ
−1(B).
5.1. Cuts.
Definition 28. A cut for f with amplitude δ over a submanifold V ⊂ T is a closed
smooth hypersurface H of ψ−1(V ×Dδ) with the following properties:
(1) There is a tubular neighborhood of Σ∩H in H which coincides with TN (η)
for a certain normal bundle to Σ called π : N → Σ ∩ H, and a certain
η > 0.
(2) For any (t, s) ∈ V ×Dδ the hypersurface H meets the (open) set of smooth
points of φ−1(t, s) transversely.
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(3) There is a unique connected component Xint(H,V, δ) (the interior compo-
nent) of ψ−1(V ×Dδ) \H, which contains the zero section. Moreover the
restriction
τ |Xint(H,V,δ) : Xint(H,V, δ)→ V
is a smooth locally trivial fibration, with fibre a contractible compact mani-
fold with corners.
(4) For any t ∈ V and any neighborhood W of the origin adapted to ft and
contained in X˙int(Y, V,H)t, for any Milnor disk radius δ
′ for (ft,W ) sat-
isfying δ′ < δ, and any s ∈ D∗δ′ we have that f
−1
t (s) ∩ (Xint(Y, V,H)t \ W˙ )
is a homotopically trivial cobordism.
(5) For any t ∈ V and any neighborhood W of the origin adapted to ft and
contained in X˙int(Y, V,H)t we have that Σt ∩ (Xint(Y, V,H)t \ W˙ ) is a
trivial cobordism.
(6) The previous property implies that, for any t ∈ V , there is a bijective cor-
respondence (induced by inclusion) between the connected components of
Σt∩Xint(Y, V,H)t\{(t, O)} and ΣV ∩Xint(Y, V,H)\V . For any connected
component Γ of ΣV ∩Xint(Y, V,H) \ V and any (t, p) ∈ Γ, the transversal
Milnor number of ft at p is independent on the point (t, p).
Remark 29. By the proof of Lemma 19 it is sufficient to check Property (4) for a
single neighborhood adapted to f .
Remark 30. The definition of system of neighborhoods adapted to ft implies
that for any neighborhood W of the origin adapted to ft, there exists δ such that
ψ−1({t} ×Dδ) ∩ ∂W is a cut over {t} of amplitude δ.
The relations  and ≺ are defined as in Section 2.2.
5.2. Construction. Let C = [0, 1]d be a cube embedded in T and V an open
neighborhood of C in T diffeomorphic to the open cube (−ǫ, 1 + ǫ)d (for ǫ > 0).
Suppose that we have cuts H+ and H− for f over V of the same amplitude δ, such
that H− ≺ H+. Along this section we will shrink δ when it is necessary without
explicitly mentioning it. Define X := Xint(H+, V, δ) \ X˙int(H−, V, δ).
By Definition 28, an easy argument with cobordisms, and Ehresmann Fibration
Theorem, the restriction
(27) τ |Σ∩X : Σ ∩X → V
is a locally trivial fibration (trivial in fact, since the base is contractible), with
fibre a trivial cobordism diffeomorphic to a disjoin union of cylinders, one for each
connected component of Σ\V . We will assume for notational simplicity that Σ\V
is connected, being the treatment of the general case completely analogous. We
consider a diffeomorphism
(28) ν : Σ ∩X → S1 × [0, 1]× V
such that τ |Σ∩X = p3◦ν (being pi the projection of S1× [0, 1]×V to the i-th factor
for i = 1, 2, 3), ν(Σ ∩H−) = S1 × {0} × V and ν(Σ ∩H+) = S1 × {1} × V .
By Definition 28 there exist a normal bundle π+ : N+ → Σ∩H+ and a neighbor-
hood of Σ ∩H+ in H+ which is equal to TN+(η) for a certain positive η. Similarly
there exist a normal bundle π− : N− → Σ ∩H− and a neighborhood of Σ ∩H− in
H− coinciding with TN−(η).
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For any t ∈ V , if z1 is a coordinate of Cn not vanishing at Σt, the z1-section
(that is, the hyperplane V (z1−z1(x))) is transverse to Σt at any point x ∈ Σt, with
finitely many exceptions. This allows to find an annulus A embedded in Σ∩Xt not
meeting the boundary, whose embedding in Σ∩Xt is a homotopy equivalence, such
that the z1-section is transverse to Σ at any point of A. Consequently the vector
subbundle πA : NA → A of T (T ×Cn, T )A whose fibre over a ∈ A is the z1-section
of the fibre T (T ×Cn, T )a is a constant (and hence holomorphic) normal bundle to
Σ over A.
Using Lemma 22 we extend the bundles π+, π− and πA to a normal bundle
(29) π : N → Σ ∩X.
We choose η small enough so that TN (η) embeds as neighborhood of Σ ∩X in X .
Observe that we have automatically the compatibility
τ◦π|TN (η) = τ |TN (η).
By the last condition of Definition 28 and by Lemma 20 the Milnor number at the
origin of the restriction of f to the fibre of π over x ∈ Σ ∩X is independent of x.
Observe that Σ ∩ XC is diffeomorphic to the product of C and a cylinder, which
is the same than the product of a circle and a (d + 1)-dimensional cube. Since
the restriction πA is holomorphic, an application of Corollary 15 enables us to use
the results of Section 2 to the restriction of the function f to TN (η), viewed as a
µ-constant family parametrised over Σ ∩X .
Thus, by Lemma 7 and Proposition 8, there exists a cut S for f over Σ∩X with
amplitude δ such that Y := Yint(S,Σ ∩ X, δ) is contained in TN(η). We consider
the composition ν◦π : Y → S1 × [0, 1]× C. Given any t ∈ C, consider the circle
Kt := S
1 × {0} × {t}
inside S1 × [0, 1]× C, and define
YKt := (ν◦π)
−1(Kt) = π
−1(Σt ∩H−) = Yt ∩H−.
By Theorem 11 there exist a homeomorphism
(30) Ψ : Y → YKt × [0, 1]× C
such that
(1) We have the equality ν◦π = (p1◦ν◦π|YKt , q2, q3)◦Ψ, where qi is the projec-
tion of YKt × [0, 1]× C to the i-th factor.
(2) We have f |YKt ◦q1◦Ψ = f .
(3) the restriction of Ψ to Σ ∩X coincides with ν, and the restriction of Ψ to
Y \ (Σ ∩X) is smooth.
We will use the notation Z = X \ Y . The subspaces Y and Z meet at a com-
mon boundary which coincides with the cut S. As for any t ∈ C and s ∈ Dδ
the fibre f−1t (s) meets S transversely, by Ehresmann Fibration Theorem and the
contractibility of the base the restriction
(31) ψ|Z : Z → C ×Dδ
is a trivial fibration, which we call the outer fibration.
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5.3. Topological trivialisation of the space between two cuts. We start
studying the outer fibration using cobordism theory.
Lemma 31. For any s ∈ D∗δ , the cobordisms
(32) (f−1t (s) ∩X, f
−1
t (s) ∩H+, f
−1
t (s) ∩H−)
(33) (f−1t (s) ∩ Z, f
−1
t (s) ∩ Z ∩H+, f
−1
t (s) ∩ Z ∩H−)
are simply connected h-cobordisms, the second one with boundary.
Proof. By Property (4) of Definition 28, we may find a neighborhood W of the
origin adapted to ft such thatW is contained in X˙int(H+, V, δ), X˙int(H−, V, δ) and
(34) (f−1t (s) ∩Xint(H+, V, δ) \ W˙ , f
−1
t (s) ∩H+, f
−1
t (s) ∩ ∂W )
(35) (f−1t (s) ∩Xint(H−, V, δ) \ W˙ , f
−1
t (s) ∩H−, f
−1
t (s) ∩ ∂W )
are homotopically trivial cobordisms for s non-zero and sufficiently small. This
easily implies that the cobordism (32) is also homotopically trivial, and that the
three spaces involved in the cobordism have the homotopy type of f−1t (s) ∩ ∂W ,
which is the boundary of the Milnor fibre of ft for the adapted neighborhood W .
Consider π : Y → Σ ∩X as in Construction 5.2. Define φ : Y → (Σ ∩X)×Dδ
by φ := (π, f). Consider the space
B = φ−1((Σt ∩H−)×Dδ).
Observe that B is included in H− and that we have the equality
f−1t (s) ∩B = φ
−1((Σt ∩H−)× {s}).
The mappings
(36) π|B : B → Σt ∩H−
(37) π|f−1t (s)∩B
: f−1t (s) ∩B → Σt ∩H−
are locally trivial fibrations over a circle with simply connected fibres: the fibres
of the first mapping are contractible, and the fibres of the second are homeomor-
phic to the Milnor fibre of the transversal singularity at any point of Σt, which
is simply connected by the Kato-Matsumoto bound (recall that we have assumed
n ≥ 5). Hence the inclusion f−1t (s) ∩ B ⊂ B induces an isomorphism of (infinite
cyclic) fundamental groups. Using this, an easy application of Seifert-van Kampen
Theorem shows that the fundamental group of f−1t (s) ∩ H− is isomorphic to the
fundamental group of (f−1t (s) ∩H−) ∪B.
The restriction of the mapping (31) to (Z ∩H−)t yields a trivial fibration
(38) ψ|(Z∩H−)t : (Z ∩H−)t → {t} ×Dδ.
Using it we deduce that the space (f−1t (s) ∩ H−) ∪ B is homotopy equivalent to
f−1t (Dδ)∩H−. Using the fibration (38) we show that f
−1
t (Dδ)∩H− admits (f
−1
t (0)∩
H−) ∪B as a deformation retract. Working with the fibration (36) we prove that,
in turn, the space (f−1t (0)∩H−)∪B admits f
−1
t (0)∩H− as a deformation retract.
Thus (f−1t (s) ∩ H−) ∪ B and f
−1
t (0) ∩ H− have isomorphic fundamental groups.
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Consequently f−1t (s) ∩H− and f
−1
t (0) ∩H− have isomorphic fundamental groups
for any (s, t) ∈ C ×Dδ).
We can show in the same way that the spaces f−1t (s) ∩ H+, and f
−1
t (0) ∩ H+
(respectively f−1t (s)∩X , and f
−1
t (0)∩X) have isomorphic fundamental groups for
any (t, s) ∈ C ×Dδ.
With a similar construction we can show that f−1t (s)∩ ∂W has the same funda-
mental group than f−1t (0)∩∂W , which is homotopy equivalent to the classical link
of ft. The later space is simply connected by [15], Theorem 5.2 (use that n ≥ 5).
We have shown that (32) is a simply connected h-cobordism
Consider the decomposition
(39) f−1t (s) ∩H− = (f
−1
t (s) ∩H− ∩ Y )
⋃
(f−1t (s) ∩H− ∩ Z)
The mapping π fibres the first piece and the intersection of the two pieces over
the circle Σt ∩ H−, with fibres the Milnor fibre and the link of the transversal
singularities respectively. The link of the transversal singularity is simply connected
due to Theorem 5.2 of [15] (we have assumed n ≥ 5). Seifert-van Kampen Theorem
implies now that f−1t (s) ∩H− and f
−1
t (s) ∩H− ∩ Z have isomorphic fundamental
groups. Therefore f−1t (s) ∩ H− ∩ Z is simply connected. Similarly we show that
f−1t (s) ∩H+ ∩ Z and f
−1
t (s) ∩ Z are simply connected.
It remains to be shown the following vanishing of relative homology groups:
H∗(f
−1
t (s) ∩ Z, f
−1
t (s) ∩ Z ∩H−;Z) = 0
H∗(f
−1
t (s) ∩ Z, f
−1
t (s) ∩ Z ∩H+;Z) = 0.
Using the ladder of long exact sequences formed by the Mayer-Vietoris sequences
associated to the decomposition (39) and the decomposition
(40) f−1t (s) = (f
−1
t (s) ∩ Y )
⋃
(f−1t (s) ∩ Z),
and the fact that the inclusions
f−1t (s) ∩H− ∩ Y ⊂ f
−1
t (s) ∩ Y,
f−1t (s) ∩H− ∩ Y ∩ Z ⊂ f
−1
t (s) ∩ Y ∩ Z
are homotopy equivalences (which is true due to the homeomorphism (30)), we
show that the first required vanishing follows from the vanishing
H∗(f
−1
t (s) ∩X, f
−1
t (s) ∩H−;Z) = 0,
which is true since the cobordism (32) is an homotopically trivial. The second
vanishing is proved similarly. 
Lemma 32. If H is a cut for f over V with amplitude δ then f−1t (s)∩H is simply
connected for any (t, s) ∈ V ×Dδ.
Proof. We may assume that H is equal to the cut H− of the previous Lemma.
We have shown that f−1t (s) ∩ H− is simply connected for s 6= 0, and that the
fundamental groups of f−1t (s) ∩H− and f
−1
t (0) ∩H− are the same. 
We have the ingredients for the proof one of our main technical propositions.
Proposition 33. For any t ∈ C there exists a homeomorphism
(41) Θ : X → (H−)t × [0, 1]× C
such that
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(1) We have τ = p3◦Θ, where pi is the projection of (H−)t × [0, 1]× C to the
i-th factor (i = 1, 2, 3).
(2) We have f |(H−)t◦p1◦Θ = f .
(3) the restriction of Θ to Σ∩X is smooth with target ((H−)t ∩Σ)× [0, 1]×C
and the restriction of Θ to X \ Σ is smooth.
(4) The restriction Θ|Y coincides with the homeomorphism (30).
Proof. We have the equalities
SKt := S ∩ (ν◦π)
−1(Kt) = S ∩ π
−1(Σt ∩H−) = (S ∩H−)t.
The restriction of the homeomorphism (30) to the boundary S induces a diffeo-
morphism
(42) Ψ|S : S → (S ∩H−)t × [0, 1]× C
preserving the fibres of f .
The restrictions
(43) ψ|S : S → C ×Dδ
(44) ψ|(S∩H−)t : (S ∩H−)t → {t} ×Dδ
of the trivial fibration (31) are trivial fibrations as well. Choose a smooth triviali-
sation
ϕ1 := (γ, t, ft) : (S ∩H−)t → ψ|
−1
(S∩H−)t
(t, 0)× {t} ×Dδ
of ψ|(S∩H−)t .
Denote by qi the projection of (S∩H−)t× [0, 1]×C to the i-th factor (i = 1, 2, 3).
Since Ψ|S is a restriction of the homeomorphism (30), the mapping
(45) Υ : S → ψ|−1(S∩H−)t(t, 0)× [0, 1]× C ×Dδ
defined by Υ := (γ◦q1, q2, q3, ft◦q1)◦Ψ|S clearly satisfies ψ|S = (p3, p4)◦Υ, where pi
is the projection of ψ|−1(S∩H−)t(t, 0)× [0, 1]× C ×Dδ to the i-th factor.
Define
Ξ : ψ|−1(S∩H−)t(t, 0)× [0, 1]× C ×Dδ → ψ|
−1
S (t, 0)× C ×Dδ
by Ξ(y, u, t′, s) := (Ψ|−1S (y, u, t), t
′, s). Then the composition
ϕ2 := Ξ◦Υ : S → ψ|
−1
S (t, 0)× C ×Dδ
is a trivialisation of the fibration ψ|S .
Consider an extension
ϕ3 : Z → ψ|
−1
Z (t, 0)× C ×Dδ
of ϕ2 to a trivialisation of ψ|Z .
By Lemma 31 the triple
(46) (ψ|−1Z (t, 0), ψ|
−1
Z (t, 0) ∩H−, ψ|
−1
Z (t, 0) ∩H+)
is a simply connected h-cobordism with boundary. The diffeomorphism (45) induces
a trivialisation of the boundary cobordism
(ψ|−1S (t, 0), ψ|
−1
S (t, 0) ∩H−, ψ|
−1
S (t, 0) ∩H+).
By h-cobordism Theorem the cobordism (46) admits a trivialisation
κ : ψ−1|Z(t, 0)→ (ψ
−1|Z(t, 0) ∩H−)× [0, 1]
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which extends the given trivialisation at the boundary.
Consider the diffeomorphism
Υ′ : Z → (ψ−1|Z(t, 0) ∩H−)× [0, 1]× C ×Dδ
defined by Υ′ := (κ◦σ1, σ2, σ3)◦ϕ3, where σi is the projection of ψ|
−1
Z (t, 0)×C×Dδ
to the i-th factor. By definition Υ′ extends Υ.
The mapping ϕ3 restricts to a trivialisation
ϕ3|(Z∩H−)t : (Z ∩H−)t → ψ|
−1
Z (t, 0) ∩H− × {t} ×Dδ
of the fibration ψ|(Z∩H−)t : (Z ∩H−)t → {t} ×Dδ. Define
Ψ′ : Z → (Z ∩H−)t × [0, 1]× C
by Ψ′(z) = (ϕ3|
−1
(Z∩H−)t
(x, s), u, t′), where (x, u, t′, s) := Υ′(z).
As Υ extends Υ′ we obtain that Ψ and Ψ′ concide at the intersection of their
domains. Hence the desired homeomorphism Θ can be defined piecewise over Y
and Z gluing Ψ and Ψ′.
In order to fulfill the differentiability of Θ at S it is sufficient take a collar of S
and modify Ψ and Ψ′ in each of the sides so that the gluing is smooth. 
Corollary 34. Let f : (Cn, O) → C be a holomorphic germ with critical set of
dimension 1 at the origin. Given a system of neighborhoods {Uα}α∈A of the origin
adapted to f , the homeomorphism type of the embedded link and the diffeomorphism
type of the Milnor fibration of f associated to {Uα}α∈A coincide with the classical
ones.
Proof. In Proposition 23 we exhibit a system of neighborhoods adapted to f for
which the statement is true. Suppose that we have two neighborhoods W1, W2 of
the origin adapted to f such that W1 ⊂ W˙2. By Remark 30 there is δ > 0 such
that ∂Wi ∩ f−1(Dδ) is a cut for f of amplitude δ for i = 1, 2. A straightforward
application of Proposition 33 gives the result. 
5.4. The embedded topological type and the Milnor fibration. We show
that being a cut is an open property on the base:
Lemma 35. Let ft : (C
n, O) → C be a smooth family of holomorphic germs de-
pending on a parameter t varying in a smooth manifold T , and V be a compact
submanifold of T . Assume that f is equisingular at the critical set. Suppose that
we have a positive δ > 0 and a closed smooth hypersurface H of ψ−1(T ×Dδ) which
satisfies Property (1) of Definition 28 and which is such that the restriction H |V is
a cut over V of amplitude δ. Then there is an open neighborhood U of V in T such
that H |U is a cut over U of amplitude δ.
Proof. We have to check that HU satisfies Properties (2)-(6) of Definition 28 for
a certain open neighborhood U of V in T . The second property follows from the
fact that Property (1) holds and an argument like in the proof of Lemma 27. Let
U be an open neighborhood over which Properties (1) and (2) hold. It is easy to
check using Ehresmann fibration Theorem that Property (3) holds as well. The fact
that Property (5) holds (after possibly shrinking U) is an easy argument involving
manipulations with cobordisms, Ehresmann fibration Theorem, and the fact that
cobordism (26) is trivial. To show that Property (6) holds (after possibly shrinking
U) we only have to use that it holds over V , that V is compact and that the family
is equisingular at the critical set.
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Proving Property (4) is slightly more involved. Let U be an open neighborhood
of V in T over which Properties (1)-(3), (5) and (6) are satisfied, and such that V
meets all the connected components of U . Then X := Xint(H,U, δ) is defined. The
mapping
(47) τ : X → U
is a locally trivial fibration with contractible fibres, and the mapping
(48) ψ = (τ, f) : X \ f−1(0)→ U ×D∗δ
is a locally trivial fibration whose fibre is diffeomorphic to the Milnor fibre of ft for
any t ∈ V (notice that H is a cut over V ).
Choose any t ∈ U . LetW be a neighborhood of the origin adapted to ft satisfying
that {t} ×W is contained in X˙t. We will prove that the cobordism
(49) (f−1t (s) ∩Xt \ W˙ , f
−1
t (s) ∩H, f
−1
t (s) ∩ ∂W )
is a simply connected h-cobordism for any s ∈ D∗δ .
Using the fibration (48) and Lemma 32 we deduce that f−1t (s) ∩ H is simply
connected for any (t, s) ∈ U × Dδ. The space f
−1
t (s) ∩ ∂W is simply connected
by Lemma 32 since ∂W is a cut over t. By fibration (48) and the fact that H is
a cut over V we deduce that f−1t (s) ∩ Xt has the same homotopy type than the
Milnor fibre of ft, which is simply connected by Kato-Matsumoto bound. As W is
a neighborhood adapted to f the space f−1t (s)∩W is also homotopic to the Milnor
fibre of ft. Seifert-van Kampen Theorem applied to the decomposition
f−1t (s) ∩Xt = f
−1
t (s) ∩Xt \ W˙ ∪ f
−1
t (s) ∩W
gives that f−1t (s) ∩Xt \ W˙ is simply connected.
To finish the proof it is enough to show that all the relative homology groups
H∗(f
−1
t (s) ∩Xt \ W˙ , f
−1
t (s) ∩ ∂W ;Z)
vanish. By excision it is equivalent to show the vanishing
H∗(f
−1
t (s) ∩Xt, f
−1
t (s) ∩W ;Z) = 0.
Using the inclusions f−1t (s) ∩Xt ⊂ Xt, f
−1
t (s) ∩W ⊂ f
−1
t (Dδ) ∩W , the fact that
Xt and f
−1
t (Dδ) ∩W are contractible, and long exact sequences in homology, it is
easy to show that the wanted vanishing is equivalent to the vanishing
H∗(Xt \ W˙ , (f
−1
t (s) ∩Xt \ W˙ ) ∪ (f
−1
t (Dδ) ∩ ∂W );Z) = 0.
As ∂W is a cut for ft over t with amplitude δ andXint(∂W, {t}, δ) = f
−1
t (Dδ)∩W
is contained in X˙t, performing Construction 5.2 for ft, T = C = {t} we obtain an
splitting Xt \ W˙ = Y ∪ Z, such that the restriction
ft|Z : Z → Dδ
is a trivial fibration and the space Y is equal to f−1t (Dδ) ∩ TN(η) for a a normal
bundle p : N → Σt ∩ (Xt \ W˙ ) to Σt and a positive η.
Using the triviality of ft|Z and homology excision we reduce our problem to
prove the vanishing of
H∗(Y, Y ∩ (f
−1
t (s) ∪ ∂W ));Z) = 0,
which is easy using the homeomorphism (30) and the homotopy invariance of ho-
mology. 
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Theorem 36. Assume n ≥ 5. Let ft be a smooth family of holomorphic germs
parametrised over a connected family T , such that Σt is 1-dimensional at the origin
for any t. If ft is equisingular at the critical set then the diffeomorphism type of
the Milnor fibration and the homeomorphism type of the embedded link of ft is
independent of t.
Proof. As T is connected we are reduced to prove a local statement in the base.
Given any t ∈ T we consider an adapted neighborhood W to ft. By Corollary 34,
for a certain positive δ, the Milnor fibration of ft is C
∞-equivalent to
ft :W ∩ f
−1
t (∂Dδ)→ ∂Dδ
and the embedded link is homeomorphic to
(∂(W ∩ f−1t (Dδ)), f
−1
t (0) ∩ ∂W ).
Consider another neighborhood of the origin W ′ adapted to ft, such that we
have the inclusion W ′ ⊂ W˙ . By Remark 30 there exists δ > 0 such that
({t} × ∂W ) ∩ f−1t (Dδ)
and
({t} × ∂W ′) ∩ f−1t (Dδ)
are cuts over t of amplitude δ. By Lemma 27 (1) and Lemma 35 there is a neigh-
borhood C of t in T (which can be taken take cubical) such that
H+ := (C × ∂W ) ∩ ψ
−1(C ×Dδ)
and
H− := (C × ∂W
′) ∩ ψ−1(C ×Dδ)
are cuts over C of amplitude δ.
Then the fibration
ψ : Xint(H+, C, δ) \ f
−1(0)→ C ×D∗δ
is locally trivial. Consequently the diffeomorphism type of the fibration
(50) ft′ : {t
′} ×W ∩ f−1t′ (∂Dδ)→ ∂Dδ
is independent of t′ ∈ C. For t′ = t we obtain the diffeomorphism type of the
Milnor fibration of t.
An easy argument using Proposition 33 applied to H− and H+ easily implies
that the homeomorphism type of the pair
(51) ((∂Xint(H+, C, δ)t′ , ∂Xint(H+, C, δ)t ∩ f
−1
t′ (0))
is independent of t′ ∈ C. For t′ = t we obtain the homeomorphism type of the
embedded link of ft.
Fix any t′ ∈ C. Consider any neighborhood W ′′ adapted to ft′ such that W ′′ ⊂
W˙ . By Corollary 34 the Milnor fibration of ft′ is diffeomorphic to
(52) ft′ :W
′′ ∩ f−1t′ (∂Dδ)→ ∂Dδ
and the embedded link of ft′ is homeomorphic to
(53) (∂(W ′′ ∩ f−1t′ (Dδ)), f
−1
t′ (0) ∩ ∂W )
for δ small enough.
By Remark 30 if we shrink δ enough we have that ({t′} × ∂W ′′{t′}) ∩ f−1t′ (Dδ)
is a cut over t′ of amplitude δ. Another application of Proposition 33, now for
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C = {t′}, H+ := ({t′}×∂W )∩f
−1
t′ (Dδ) and H− := ({t
′}×∂W ′′)∩f−1t′ (Dδ) implies
that the diffeomorphism types of the fibrations (50) and (52) are the same and that
the pairs (51) and (53) are homeomorphic. 
6. Topological R-equivalence
Our aim is to prove that any family ft of analytic germs, parametrised over a cube
C, with critical set of dimension at most 1, which is topologically equisingular at
the critical set, is, in fact, topologically equisingular with respect to R-equivalence.
Once we have the results of the previous section we can follow closely the strategy
that we used for µ-constant families in Section 2. We do it now pointing specially
the aspects in which the proofs are different.
6.1. Extension of cuts: the non-isolated case. We define extension of cuts as
in Definition 4. Consider the closed and open cubes C and U as in 2.3. Consider
two cuts H+ and H− for f defined over U of the same amplitude δ, pairs
(B1, µ1), ...(Bk1 , µk1) (C1, ν1), ...(Ck2 , νk2),
as in 2.3, and a cut H0 of amplitude δ over a neighbourhood V of a contractible
union of faces A.
We show that Lemma 5 still holds in the new setting:
Lemma 37. In the setting above, after possibly shrinking U and V to smaller
neighborhoods of the corresponding sets, there exists a cut H ′0 over U which extends
H0 and satisfies H− ≺ H0, µi ≺ H0 for any i, H0 ≺ νi for any i, and H0 ≺ H+.
Proof. The structure of the proof is the same than the one of Lemma 5. However
we need to adapt several arguments.
Define
X := Xint(H+, U, δ) \Xint(H−, U, δ).
Step 1: we shall inductively reduce to the case in which k1 + k2 = 0. Suppose
that k1 + k2 > 0. Assume that k2 > 0.
Observe that by the definition of a cut the projections
τ : Σ ∩X → U,
τ : Σ ∩ (Xint(H+, C
′
1, δ) \ (X˙int(ν1, U, δ))→ C
′
1
τ : Σ ∩ (Xint(ν1, U, δ) \ (X˙int(H−, C
′
1, δ))→ C
′
1
are trivial fibrations with fibres trivial cobordisms diffeomorphic to a disjoin union
of cylinders, one for each connected component of Σ ∩ H+. We will assume for
simplicity that there is a unique connected component, being the general case anal-
ogous. We denote Σ∩X by Σ′. Taking into account that the ”≺” relations between
the cuts are preserved by intersecting with Σ, an argument like Step 1 of Lemma 5
shows that (after possibly shrinking U and C′1 to smaller neighborhoods) there
exists a smooth closed hypersurface K ⊂ Σ′ with the following properties:
(1) (extension) we have KC′1 = ν1 ∩ ΣC′1 .
(2) The space Σ′ \K has two connected components A+ and A− each of them
containing respectively H+ ∩ Σ and H− ∩ Σ. The component A− contains
moreover the intersections H0 ∩ Σ, µi ∩ Σ and νj ∩ Σ for any i and j 6= 1.
(3) The restrictions τ : A− → U and π : A+ → U are locally trivial fibrations
with fibre a trivial cobordism (a cylinder).
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In this situation there exists a diffeomorphism
ϕ : Σ′ → (Σ′ ∩H−)× [0, 1]
such that
ϕ(H− ∩ Σ
′) = (H− ∩ Σ
′)× {0},
ϕ(H+ ∩ Σ
′) = (H− ∩ Σ
′)× {1},
ϕ(K ∩Σ′) = (H− ∩ Σ
′)× {1/2}
and
τ = τ◦q1◦ϕ,
with qi the projection of (Σ
′ ∩H−)× [0, 1] to the i-th factor i = 1, 2.
Let π+ : M+ → Σ′ ∩ H+, π− : M− → Σ′ ∩ H+ and πν1 : Mν1 → ν1 ∩ Σ
′|C′1 be
normal bundles such that a neighborhood of Σ′ ∩H+, Σ′ ∩H− and Σ′ ∩ ν1 in H+,
H− and ν1 coincide with a tubular neighborhood of the zero section of π+, π−, and
πν1 respectively. As in Construction 5.2 we construct a normal bundle π : N → Σ
′
which extends π+, π− and πν1 and is holomorphic over an annulus contained in Σ
′
t
for a certain t ∈ C, whose inclusion into Σ′t is a homotopy equivalence. Consider
η such that TN (η) is naturally embedded in T × Cn and observe that the Milnor
number of the restriction of f to the fibres of π at the origin of the fibres is constant.
We have a µ-constant family over Σ′ for which Assumption A is satisfied (see
Corollary 15).
Define
φ := (π, f) : TN (η)→ Σ
′ × C.
Consider the restriction
ψ|X = (τ, f)|X : X → U ×Dδ.
As in Construction 5.2 we may find a smooth hypersurface S ⊂ X , which splits
X in two submanifolds with boundary, whose closures are denoted by Y and Z,
(being Y the one containing Σ′) and a homeomorphism
Ψ : Y → (Y ∩H−)× [0, 1]
whose restrictions to Σ′ and Y \Σ′ are smooth, and satisfying ψ|Y = ψ|Y ∩H−◦q1◦Ψ,
and ϕ◦π|Y = ((π|Y ∩H− , id)◦Ψ, being qi the projection of (Y ∩H−) × [0, 1] to the
i-th factor (i = 1, 2), The inverse Ψ−1 may be seen as a flow that integrates a (not
necessarily continuous) vector field Y defined over Y , which is smooth over Σ′ and
Y \Σ′, is tangent to the fibres of ψ, and whose integral Ψ−1 extends ϕ−1 and takes
fibres of π to fibres of π.
Our aim now is to extend Y to a vector field defined over X . We work first in
X |C′1. Define
B+ := Z ∩Xint(H+, C
′
1, δ) \ X˙int(ν1, C
′
1, δ),
B− := Z ∩Xint(ν1, C
′
1, δ) \ (Xint(H+, C
′
1, δ).
By Ehresmann fibration Theorem and contractibility of the base the restrictions ψ :
B+ → C′1×Dδ and ψ : B− → C
′
1×Dδ are trivial fibrations, with fibres cobordisms
with boundary, being the boundary cobordisms the fibres of the restrictions ψ|B+∩S
and ψ|B−∩S . All the boundary cobordisms are simultaneously trivialised by the
restrictions Ψ|B+∩S and Ψ|B−∩S .
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Applying the procedures of the proof of Proposition 33 to B− and B+, we obtain
that there is a diffeomorphism
Θ : ZC′1 → (Z ∩H−)C′1 × [0, 1]
satisfying
(i) Θ|SC′
1
= Ψ|SC′
1
,
(ii) ψ|ZC′
1
= ψ|(Z∩H−)C′1
◦p1◦Θ (being p1 the projection of (Z ∩H−)C′1 × [0, 1] to
the first factor),
(iii) Θ(ν1|C′1 ∩ Z) = (H−|C′1) ∩ Z)× {1/2}.
The first compatibility implies that Θ and Ψ glue to a homeomorphism Ξ from the
union of their domains (Y ∪ ZC′1) to the union of the images. Using a collaring we
may assume that Ξ is smooth at S. Observe that the cut ν1|C′1 is contained in the
domain of definition of Ξ and that
Ξ(ν1|C′1) = H−|C′1 × {1/2}.
The inverse Ξ−1 may be seen as a flow of a vector field Z defined on Y ∪ ZC′1 .
Observe that the restriction
ψ : Z → U ×Dδ
is a trivial fibration with fibre a trivial cobordism with boundary. Following the
procedure used in the proof of Lemma 5 to extend the vector field Y to X , we can
construct a vector field Z ′ in (Z \ Z˙)C′1 which coincides with Z at the intersection
S ∪ Z∂C′1 of the domains of Z and Z
′, and whose flow induces a diffeomorphism
Ξ′ : (Z \ Z˙|C′1)→ (H− ∩ ((Z \ Z˙)C′1)× [0, 1].
satisfying the analog of property (ii) above. A careful construction of Z ′ (using a
collaring) yields that Z and Z ′ glue to a vector field X defined over X , which is
the desired extension of Y to X .
Step 1 finishes using the flow of X as we use the flow ϕ in the proof of Lemma 5.
Step 2 is also as in Lemma 5. 
6.2. Existence of cuts: the non-isolated case. Let f : U×Cn → C be a smooth
family of holomorphic functions (with U = (−ǫ, 1+ ǫ)d). Consider C = [0, 1]d ⊂ U .
Let ρ be a distance function associated to a hermitian metric in the trivial vector
bundle τ : U × Cn → U . Recall that ψ = (τ, f). Given any subset B ⊂ U × Cn we
denote by ∂τB the union ∂τB := ∪u∈U∂Bu.
Proposition 38. Let θ : C → (0,∞) be any continuous function. There exist a
positive δ and a cut H over C with amplitude δ such that Xint(H,C, δ) is contained
in B(C, θ).
Proof. The proof is completely analogous to the proof of Proposition 8, using the
fact that for any neighborhoodW of the origin adapted to ft there is a neighborhood
V of t in U and a positive δ such that ∂W ∩ ψ−1(V ×Dδ) is a cut for f over V of
amplitude δ. 
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6.3. Topological equisingularity. Let C, τ : E → U , f and ψ as in Section 6.2.
Let θ1 : U → R+ be a positive continuous function. By Proposition 38 there exists
δ1 > 0 and a cut H1 for f over U of amplitude δ1 such that X := Xint(H1, C, δ1)
is contained in B(C, θ1). Define X
∗ := X \ f−1(0).
Construction (†). Let H2 be a cut for f over C of amplitude δ2 < δ1 such that
H2 ≺ H1. Consider Z1 := Xint(H1, C, δ2) \ X˙int(H2, C, δ2). As in Construction 5.2
we obtain a normal bundle π1 :M1 → Z1 ∩Σ such that Tη(M1) embeds in Z1 as a
tubular neighborhood of Σ∩Z1 for a positive η. Using Proposition 33 it is easy to
construct a vector field Z1 in Z1 which is smooth outside Σ, smooth and tangent
to Σ at Σ ∩ Z, and such that its flow induces a homeomorphism
Θ : Z1 → (Z1 ∩H1)× [0, 1]
satisfying
(a) we have ψ = ψ|Z1∩H1◦p1◦Θ, where pi is the projection of (Z1 ∩H1)× [0, 1] to
the i-th factor,
(b) we have the equalities
Θ(Z1 ∩H1) = (Z1 ∩H1)× {0}
Θ(Z1 ∩H2) = (Z1 ∩H1)× {1},
(c) for η sufficiently small, the diffeomorphism given by the restriction of the flow
to Tη(M1) for a fixed time s takes the fibres of π1 to fibres of π1.
Lemma 39. There exists a (not necessarily continuous) vector field X in X \ C
with the following properties:
(1) its restrictions to X \ Σ and to Σ \ C are smooth
(2) it is tangent to the fibres of τ ,
(3) there exists a vector field W in D∗δ , which is radial, pointing to the origin
and of modulus |W(z)| ≤ |z|2, such that df(X )(x) = W(f(x)) for any
x ∈ X \ f−1(0),
(4) the vector field X is tangent to f−1(0) outside Σ and it is tangent to Σ in
Σ,
(5) any integral curve converges to the origin of the fibre of τ in which it lies
in positive infinite time,
(6) the flow of X is continuous.
Proof. As in the proof of Lemma 10 we construct X as the amalgamation two vector
fields Y and Z.
There is a continuous function θ2 : C → R such that B(C, θ2) is included in
Xint(H1, C, δ1). By Proposition 38 there exists δ2 satisfying δ1 > δ2 > 0 and a cut
H2 for f over C of amplitude δ2 such that X2 := Xint(H1, C, δ2) is contained in
B(C, 1/2θ2). We iterate this procedure to obtain an infinite sequence of constants δi
and cuts Hi over C such that the sets Xi := Xint(Hi, C, δi) form a nested sequence
(54) X = X1 ⊃ X2 ⊃ ... ⊃ Xi ⊃ ...
of closed neighborhoods of C such that ∩∞i=1Xi is equal to the zero section C.
Let Zi := (Xi \ X˙i+1)∩ f−1(Dδi+1). Let πi :Mi → Σ∩Zi be the normal bundle
appearing in Construction (†). If the normal bundles πi are chosen carefully enough
they glue to a normal bundle π : M → Σ \ C. Let ξ : Σ \ C → R+ be a smooth
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function such that TM (ξ) embeds as a neighborhood of Σ\C in X \C. Construction
(†) produces a vector field Zi over Zi. A partition of unity argument glues the vector
fields Zi to a vector field Z defined on Z := ∪∞i=1Zi, smooth in Z \ Σ, tangent to
the fibres of ψ at their smooth points, and such that Z|Σ is smooth and tangent to
Σ. Observe that we have df(Z) = 0. Let
Ψ :W → TM (ξ)
be the flow of Z|TM (ξ), where W ⊂ TM (ξ) × R is the maximal domain where it
is defined. By the property (c) of the flow of Zi (see Construction (†)), for any
(x, u) ∈ W the conmuting relation
(55) π(Ψ(x, u)) = Ψ(π(x), u)
holds.
Consider in C×D∗δ the vector field V
′ characterised by being tangent to the fibres
of the projection from C ×D∗δ to the first factor, and a lift by the projection from
C ×D∗δ to the second factor of the vector field V in D
∗
δ which is radial, pointing at
the origin and of modulus ||V(z)|| = ||z||2. As ψ : X∗ → U ×D∗δ is submersive we
can define the vector field Y in X∗ to be a lifting of V ′ by the mapping ψ. Moreover,
as the restriction of f to the fibres of p : TM (ξ)→ Σ only has critical points at Σ,
(perhaps having to shrink ξ) we may construct Y such that its restriction to TM (ξ)
is tangent to the fibres of π : TM (ξ)→ Σ.
Let ρ1 : Dδ → [0, 1) be a smooth function vanishing at 0 and positive in D∗δ . We
choose ρ1 small enough that the modulus ||ρ1(f(z))Y(z)|| converges to 0 as ||f(z)||
approaches 0. Let ρ2 : U → R be an smooth function with support contained in
the interior of Z and which is identically 1 in a neighborhood of f−1(0) ∩ Z in Z.
Define the vector field X := (ρ1◦f)Y + ρ2Z on X .
As X|f−1(0) coincides with Z|f−1(0) it is clear that any integral curve in f
−1(0)
converges to the origin in positive infinite time. It is also clear that the restrictions
of X to Y \Σ and to Σ \C are smooth, and that the later is tangent to Σ \C. All
the properties required to X are clear except (3), (5) and (6).
Property (3) is true taking W := ρ1V .
Observe that the restriction Y|H1∩Y is tangent to H1, and that Z points into X
at any y ∈ Z ∩H1. On the other hand df(X ) is radial and pointing to the origin.
This shows that no integral curve of X can go out of the domain X in positive
time. As df(X ) = ρ1V and V is radial, pointing to the origin, and of module small
enough that any of its integral curves converges to the origin in positive infinite
time, we deduce that any integral curve of X not lying in f−1(0) is defined in
positive infinite time. As X coincides with Z in f−1(0) it is also clear that the
integral curves contained in f−1(0) are defined in positive infinite time.
The continuity of the flow of X
Φ : (X \ C)× [0,∞)→ X
is clear outside (Σ \ C) × [0,∞), since X is smooth outside Σ. Observe that from
the Relation (55) and from the tangency of Y|TM (ξ) to the fibres of π : TM (ξ)→ Σ
we obtain that if Φ :W ′ → TM (ξ) is the flow of X|TM (ξ) (where W
′ is its maximal
domain of definition), then we have the conmutation relation
(56) π(Φ(x, u)) = Φ(π(x), u)
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for any (x, u) ∈ W ′. The continuity of Φ at any point of (Σ \ C) × [0,∞) follows
easily using this relation and the fact that the modulus ||ρ1(f(z))Y(z)|| converges
to 0 as ||f(z)|| approaches 0. This shows (6).
As the vector field X is smooth outside Σ the only accumulation points of an
integral curve of X as time tends to +∞ can be in Σ. As any integral curve of X
inside Σ converges to the origin in positive infinite time, from the continuity of the
flow of X we deduce that the only accumulation point of an integral curve of Z can
be the origin of the fibre of τ where it is contained. This proves Property (5). 
Here is our main topological equisingularity theorem
Theorem 40. Let f : C×Cn → C be a family of holomorphic germs at the origin,
with 1-dimensional critical set and smoothly parametrised over a cube C. Suppose
that it is equisingular at the critical set. Let t be any point of C. Use the notations
considered in this section. There exists a homeomorphism
(57) Ψ : X → C ×Xt
such that
(1) we have τ = p1◦Ψ, where pi is the projection of C ×Xt to the i-th factor
(i = 1, 2),
(2) we have f |Xt◦p2◦Ψ = f ,
(3) the restriction of Ψ to X \ Σ, and to Σ \ C is smooth.
Proof. The first step is to construct the restriction of Ψ to ∂τX . We have the
decomposition ∂τX = (X ∩ f−1(∂Dδ)) ∪ (H1 ∩ f−1(Dδ). The restriction of Ψ to
H1∩f−1(Dδ) can be constructed applying Proposition 33 to the cuts H2 ≺ H1 (see
Construction (†). The extension to X ∩ f−1(∂Dδ) is easy to obtain using that
ψ : X ∩ f−1(∂Dδ)→ C × ∂Dδ
is a locally trivial fibration.
After this the proof is completely analogous to the proof of Theorem 2 replacing
the reference to Lemma 10 by a reference to Lemma 39. 
7. Families with constant Leˆ numbers
Let f : T × Cn → C a holomorphic function, where T is a connected complex
manifold. Unless we state the contrary we suppose that the critical set of ft has
dimension 1 at the origin for any t ∈ T . Let Z := {z1, ..., zn} be a coordinate
system of Cn. The symbol λif,Z(x) denotes the i− th Leˆ number of a holomorphic
function f at the point x with respect to Z. Our aim in this section is to prove the
following theorem:
Theorem 41. If any of the following conditions hold:
(1) there is a coordinate system Z such that the Leˆ numbers at the origin of ft
with respect to Z are defined and independent of t,
(2) the generic Leˆ numbers at the origin of ft are independent of t,
then the embedded topological type of ft at the origin and the the diffeomorphism type
of the Milnor fibration is independent of t ∈ T . Moreover, if T is (diffeomorphic
to) a cube, the restriction of the family over T is topologically R-equisingular.
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Because of the results of the previous sections to prove the Theorem it is enough
to show that the family is equisingular at the singular set. Thus we are reduced to
prove:
Theorem 42. If any of the conditions of the previous theorem hold then ft is
equisingular at the critical set.
Since equisingularity at the critical set is local in the base, we can assume that T
is an open neighborhood of the origin in an affine space, and it is enough to prove
that f is equisingular at the critical set in a small neighborhood V of the origin in
T .
A generic coordinate system Z for ft0 satisfies that the Leˆ numbers at the origin
of ft with respect to it are defined for any t close enough to t0. Moreover, by the
lexicographical upper semicontinuity of the Leˆ numbers ([14] Corollary 4.16) the
constancy of the generic Leˆ numbers implies the constancy of the Leˆ numbers of
ft with respect to Z, for t close enough to t0. Therefore Condition (2) implies
Condition (1), at least locally in the base.
By the definition of equisingularity at the critical set it is clear that (by slicing), it
is enough to assume that T has complex dimension 1. Thus we make the assumption
T = C. To any coordinate system Z = {z1, ..., zn} for (Cn, O) we associate the
coordinate system Z′ := {t, z1, ..., zn} of C× Cn.
Given A ⊂ C× Cn we consider the notation At := A ∩ ({t} × Cn).
Let Σf := V (∂f/∂t, ∂f/∂z1, ..., ∂f/∂zn) denote the critical set of f and let
Σ := V (∂f/∂z1, ..., ∂f/∂zn) be the union of the critical sets of the ft’s.
Lemma 43. Let ft be a family with critical set not necessarily 1-dimensional: let
s := dimO(Σ0). Suppose that for small t the Leˆ numbers λ
i
ft,Z
(O) are defined
and independent on t for any 0 ≤ i ≤ s. Then the sets Σf and Σ are equal in a
neighborhood of the origin.
Proof. We only have to show Σ ⊂ Σf . For this we show that for any t small
enough the set (Σf )t contains Σt. If the inclusion does not hold there exists a
sequence yn = (tn, xn) converging to (O, 0) such that xn belongs to Σtn \ Σf .
Hence V (f − f(yn)) is smooth at yn and the tangent space TynV (f) is equal to
V (t− tn). Consequently the limit of the tangent spaces is V (t).
On the other hand, by [14], Theorem 6.5, C×{O} satisfies Thom’s Af condition
with respect to the open stratum at the origin, which contradicts the fact that the
limit of tangent spaces is V (t). 
A consequence is that the first polar variety of f is empty, since, it is defined by
(58) Γ1f,Z′ = V (∂f/∂z1, ..., ∂f/∂zn) \ Σf .
We deduce the following vanishings for t small enough (the Leˆ varieties and Leˆ
cycles computations that follow are done using [14], Chapter 1):
(59) γ1f,Z′(t, O) = 0 Λ
0
f,Z′ = 0 λ
0
f,Z′(t, O) = 0.
Let Σ = ∪ki=1Σi and Σ0 = ∪
r
i=1Σ0,i be decompositions of Σ and Σ0 in irreducible
components. Reordering conveniently we can find numbers 1 ≤ k1 ≤ k2 ≤ k such
that
(1) The component Σi is 2-dimensional for 1 ≤ i ≤ k1.
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(2) The component Σi is 1-dimensional and contained in V (t) for k1 +1 ≤ i ≤
k2.
(3) The component Σi is 1-dimensional and not contained in V (t) for k2+1 ≤
i ≤ k.
(4) There exist numbers 0 = r0 ≤ r1 ≤ ... ≤ rk2 = r such that
(60) Σj ∩ V (t) = ∪
rj
i=rj−1+1
Σ0,i
for any 1 ≤ j ≤ k2.
Now we assume that all the Leˆ numbers of ft at the origin with respect to Z are
defined for any t.
In the following discussion we draw further consequences from the fact that the
Leˆ numbers λift,Z(O) are independent on t for any 0 ≤ i ≤ s = 1. Let X,Y ⊂ U
be closed analytic subspaces of an open subset U of Cn. We denote by X \ Y the
scheme theoretical closure of X \ Y in U , and by [X ] the cycle associated with the
scheme X (see [14], Chapter 1).
Since the first Leˆ number at the origin of ft with respect to Z is defined, and
Σt is 1-dimensional, all the irreducible components of Γ
2
ft,Z
are of the expected
dimension 2 for any t (see [14], pages 11-14). As Σft is of dimension 1 and, by
definition,
(61) Γ2ft,Z = V (∂ft/∂z3, ..., ∂ft/∂zn) \ Σft ,
we conclude that all the irreducible components of V (∂ft/∂z3, ..., ∂ft/∂zn) are 2-
dimensional. Hence (∂ft/∂z3, ..., ∂ft/∂zn) is a regular sequence and the analytic
subscheme V (∂ft/∂z3, ..., ∂ft/∂zn) has no embedded components. Thus we have
(62) Γ2ft,Z = V (∂ft/∂z3, ..., ∂ft/∂zn).
The third polar variety of f is
(63) Γ3f,Z′ = V (∂f/∂z3, ..., ∂f/∂zn) \ Σf = V (∂f/∂z3, ..., ∂f/∂zn).
The first equality is by definition. From the fact that all the irreducible com-
ponents of V (∂ft/∂z3, ..., ∂ft/∂zn) are 2-dimensional and the Theorem on the di-
mension of the fibres of a morphism we deduce that all the irreducible compo-
nents of V (∂f/∂z3, ..., ∂f/∂zn) have at most dimension 3, which is on the other
hand its minimal possible dimension given the number of equations defining the
set. Hence (∂f/∂z3, ..., ∂f/∂zn) is a regular sequence and the analytic subscheme
V (∂f/∂z3, ..., ∂f/∂zn) has no embedded components. This, together with the fact
that Σ is 2-dimensional implies the second equality.
Consider a decomposition in irreducible components of Γ3f,Z′ ∩ V (∂f/∂z2) =
V (∂f/∂z2, ..., ∂f/∂zn):
(64) V (∂f/∂z2, ..., ∂f/∂zn) = (
k1⋃
i=1
X i)
⋃
(
d⋃
i=1
Y i),
where X i coincides as a set with the component Σi of Σ. As any Yi is (at least)
2-dimensional and the components Σi are 1-dimensional for i > k1, no Y
i is a
component of Σ. We have
(65) Γ2f,Z′ = Γ
3
f,Z′ ∩ V (∂f/∂z2) \ Σ =
d⋃
i=1
Y i,
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(66) Λ2f,Z′ = [Γ
3
f,Z′ ∩ V (∂f/∂z2)]− [Γ
2
f,Z′ ] =
k1∑
i=1
[X i].
Now we want to compute the first Leˆ cycle of ft for a certain value of the
parameter t. By equation (62) we have
(67) Γ2ft,Z ∩ V (∂ft/∂z2) = V (∂ft/∂z2, ..., ∂ft/∂zn).
Hence, taking into account Equation (64), we have
(68) [Γ2ft,Z ∩ V (∂ft/∂x2)] = (
k1∑
i=1
[X it ]) + (
d∑
i=1
[Y it ]).
Clearly (∪k1i=1X
i
t) is included in Σft , and therefore
(69) Λ1ft0 ,Z ≥
k1∑
i=1
[X it0 ] = (
k1∑
i=1
[X i])  [V (t− t0)].
Lemma 44. The previous inequality is actually an equality for any t0 ∈ T :
(70) Λ1ft0 ,Z =
k1∑
i=1
[X it0 ] = (
k1∑
i=1
[X i])  [V (t− t0)].
Moreover, the components Σk1+1,...,Σk2 do not appear. In other words, we have
k1 = k2.
Proof. We claim that no component of Y it0 is contained in Σft0 for any i ≤ d and
any t0. The claim implies easily both assertions of the Lemma.
By Lemma 43 it is enough to show that no component of Y it0 is contained in
Σ. This is clear (after possibly shrinking the base of the family) for t0 6= 0. Thus
equality (70) holds in this case.
Inequality (69) implies that the first Leˆ number of ft0 satisfies
(71)
λ1ft0 ,Z ≥ mult[O]((
k1∑
i=1
[X i])[V (t−t0)][V [z1]] = mult[O]((
k1∑
i=1
[X i∩V (z1)])[V (t−t0)].
This inequality becomes an equality if and only if our claim is true. This is the
case if t0 6= 0.
As mult[O]((
∑k1
i=1[X
i ∩ V (z1)])  [V (t)] is upper semicontinuous in t and the Leˆ
number λ1ft,Z is independent on t we conclude that Inequality (71) must be an
equality also for t0 = 0. 
Lemma 45. The Leˆ numbers λif,Z′(t, O) are defined for i ≤ 2 and any t.
Proof. We work for t = 0. The case t 6= 0 is analogous. We have already checked
that λ0f,Z′(O) is defined (and zero).
Two consequences of Lemma 44 are the equalities
(72) Λ1f0,Z =
k1∑
i=1
[X i ∩ V (t)],
44 JAVIER FERNA´NDEZ DE BOBADILLA
(73) Γ1f0,Z =
d∑
i=1
[Y i ∩ V (t)].
The definedness of λ1f0,Z(O) implies that X
i ∩ V (t, x1) is 0-dimensional at the
origin for any i. Hence, taking into account (66), we obtain that λ2f,Z′(0, O) is
defined.
It only remains to be shown that λ1f,Z′(O) is defined. The first Leˆ cycle is
Λ1f,Z′ = [Γ
2
f,Z′ ∩ V (∂f/∂z1)]− [Γ
1
f,Z′ ]
=
d∑
i=1
[Y i ∩ V (∂f/∂z1)].
We only need to prove that Y i ∩ V (∂f/∂z1) ∩ V (t) is 0-dimensional at the origin.
By Identity (73) the last set is equal to Γ1f0,Z ∩ V (∂f0/∂z1). We have to show that
Γ1f0,Z ∩ V (∂f0/∂z1) is 0-dimensional. If this is not the case then Γ
1
f0,Z
is contained
in V (∂f0/∂z1, ..., ∂f0/∂zn) and meets the origin. Hence it is contained in V (f0),
but this is impossible by definition of the relative polar varieties. 
Lemma 46. The components Σk2+1,...,Σk do not appear. In other words, we have
k2 = k
Proof. Applying Proposition 1.21 of [14], the vanishing (59) and the constancy of
the Leˆ numbers of ft we obtain that for any t small enough λ
1
f,Z′(t, O) is constant.
Suppose k2 6= k. As Σk2+1 is a 1-dimensional irreducible component of the
singular locus the cycle [Σk2+1] is a positive summand of Λ
1
f,Z′ . As it goes through
(0, O) but not through (t, O) for t non-zero, we have that λ1f,Z′(0, O) is strictly
bigger than λ1f,Z′(t, O), which is a contradiction. 
Let Σred denote the analytic subset Σ with its reduced structure. We have
Corollary 47. The analytic subset Σ admits a decomposition in irreducible com-
ponents at the origin of the form Σ := ∪ki=1Σi such that each component is 2-
dimensional at the origin. Moreover the restriction
(74) π|Σred : Σred → C
is flat.
Proof. We have proved everything except flatness. Each of the components of the
primary decomposition of Σred is an irreducible component, and all of them map
dominant by π|Σred to the 1-dimensional target C. It is well known that this implies
that π|Σred is flat. 
Now we study the geometry of the fibres of the mapping (74) in a neighborhood
of the origin. To obtain a lighter notation we denote Σred by S.
Consider the mapping
(75) α := (z1, t) : S → C
2.
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As the origin (0, O) is an isolated point of α−1(O), there is a neighborhood U of
(0, O) in S such that, for any ǫ, η positive and small enough, the restriction
(76) α|E : E := α
−1(Dǫ ×Dη) ∩ U → Dǫ ×Dη
is a finite mapping, the space E is a neighborhood of the origin in S and α|−1E (0, 0) =
{(0, O)}. We will denote α|E simply by α. In the sequel ǫ and η are chosen always
so that α is finite.
We choose ǫ and η so small that the decompositions E = ∪ki=1Ei and E0 =
∪ri=1E0,i in irreducible components coincide at the origin with the previously given
decompositions; in other words, as germs of reduced sets at the origin we have
Ei = Σi and E0,i = Σ0,i. We will always choose ǫ small enough that any two
different components of E0 only intersect at the origin.
It is well known that for ǫ and η sufficiently small the mapping
(77) π|E : E → Dη
is a topological locally trivial fibration over D∗η.
We consider a decomposition of Et in irreducible components Et,1, ..., Et,rt for
any t. The topological local triviality of π|E over D∗η implies that the number
rgen := rt is independent on t as long as t ∈ D
∗
η. For any t ∈ D
∗
η we consider a
numbering Et,1, ..., Et,rgen of the irreducible components of Et. There is a mapping
βt : {1, ..., rgen} → {1, ..., k} defined by the relation Et,j ⊂ Eβt(j). We also define a
mapping β0 : {1, ..., r} → {1, ...k} by the relation E0,j ⊂ Eβ0(j).
Let µt,j denote the generic transversal Milnor number of ft at a generic point of
Et,j \ {O}. Observe that there is a finite set It ⊂ Dǫ such that, for any s ∈ Dǫ \ It,
the hyperplane V (z1 − s) meets Et transversely at points with transversal Milnor
number µt,j . By Lemma 20, for any s ∈ Dǫ \ It, the Milnor number of any of the
isolated singularities of ft|V (z1−s) contained in Et,j is equal to µt,j . Moreover, for
any x ∈ V (z1 − s) ∩ Et, we have the equality
(78) Ix(Λ
1
ft,Z, V (z1 − s)) = µt,i;
indeed, since ft has smooth critical set at s and V (z1−s) meets Σt transversely in x,
the first Leˆ number λ1ft,Z(x) is equal to the generic transversal Milnor number. On
the other hand, by definition, the Leˆ number is equal to the intersection multiplicity
Ix(Λ
1
ft,Z
, V (z1 − s)).
Given any component Ei we define a family of germs with isolated singularities
parametrised over it, by imposing that, for any x ∈ Ei, we assign the singularity at
x defined by the restriction fπ(x)|V (z1−z1(x)). Let µi be the generic Milnor number
of the family. Observe that, by the upper semicontinuity of the Milnor number, if
Et,j is contained in Σi then µi ≤ µt,j. As µi and µt,j are the generic values of the
Milnor number of the hyperplane sections V (z1− s) at Ei and Et,j respectively, we
obtain that for any generic t we have the equality µi = µt,j : the subset of Ei in
which the hyperplane section has Milnor number strictly bigger than µi is closed
in the Zariski topology. We may express the last equality as
µt,j = µβt(j)
for t generic.
By Sard’s Theorem the mapping π|E is generically submersive at the regular
locus of E.
Proposition 48. The following assertions hold:
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(1) If ǫ is small enough, the analytic set E0 \ {O} is smooth and π|E is sub-
mersive at E0 \ {O}.
(2) For any j ∈ {1, ..., r0} we have µ0,j = µβ0(j).
Proof. Clearly, if ǫ is small enough, the only singularity of E0 is at the origin.
The first Leˆ number λ1ft0 ,Z
(O) is IO(Λ
1
ft0 ,Z
, V (z1)) by definition. In Lemma 44
we have proved that Λ1ft0 ,Z
is equal to
∑k1
i=1[X
i
t0 ] =
∑k1
i=1[X
i]  [V (t − t0)] for any
t0. By conservation of number in intersection theory we have that for a certain ǫ
small enough, there exist positive ξ and η such that if s ∈ Dξ and t ∈ Dη, then
(79) λ1f0,Z(O) =
∑
x∈Xt∩V (z1−s)
Ix([Xt], V (z1 − s)),
By Equality (78), if s ∈ Dǫ \ It, this quantity is equal to the sum
(80)
∑
x∈V (ft,z1−s)
µ(ft|V (z1−s), x)
of the Milnor numbers of the singularities of the restriction of ft to V (z1−s) which
are contained in the zero set V (ft, z1 − s).
If either a component of E0 is contained in the singular locus of E, or π|E is
not generically submersive at it, then E0 is contained in the ramification locus of
α, and therefore Dǫ × {0} is a component of the branching locus of α. Hence, if
t ∈ D∗η and η is small enough the set Dǫ × {t} is not included in the branching
locus of α. Then, if s does not belong to the finite set I0 ∪ It, the cardinality of
X0 ∩ V (z1 − s) is strictly smaller than the cardinality of Xt ∩ V (z1 − s) for t 6= 0.
As the cardinality of Xt ∩ V (z1 − s) is the number of singularities of ft|V (z1−s)
contained in ft|
−1
V (z1−s)
(0), by the non-splitting result of Leˆ-Lazzery we have the
strict inequality
(81)
∑
x∈V (ft,z1−s)
µ(ft|V (z1−s), x) <
∑
x∈V (f0,z1−s)
µ(f0|V (z1−s), x), .
which is impossible since both quantities are equal to λ1f0,Z(O) by Equalities (79), (80).
This proves that π is generically submersive at any component of E0. Shrinking ǫ
we obtain assertion (1).
Fix s0 6= 0 small enough so that V (z1−s0) meets E0 transversely in finitely many
points. Then there exits ξ small enough that V (z1 − s0) meets Et transversely for
any t ∈ Dξ, and hence
α|α−1({s0}×Dξ) : α
−1({s0} ×Dξ)→ {s0} ×Dξ
is finite and etale. Thus, the space α−1({s0}×Dξ) splits in a finite number of disks
and we have a natural bijection between Σft ∩ V (z1 − s0) and Σf0 ∩ V (z1 − s0)
induced by incussion in α−1({s0} ×Dξ).
Choose x ∈ Σft ∩V (z1− s0) for a certain t ∈ D
∗
ξ , and let y be the corresponding
point in Σf0 ∩ V (z1 − s0) by the bijection. Suppose that x belongs to Et,j1 and
that y belongs to E0,j2 . Clearly Et,j1 and E0,j2 belong to the same irreducible
component of E, in other words βt(j1) = β0(j2). The summand of the left hand
side of Inequality (81) corresponding to x is equal to µt,j1 and the summand of
the right hand side of Inequality (81) corresponding to y is equal to µ0,j2 . Observe
that µt,j1 is equal to µβt(j1) for t ∈ D
∗
η generic, and that, in general, we have the
inequality µ0,j2 ≥ µβ0(j2) = µβt(j1). Hence the contribution of x to the LHS of
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Inequality (81) is smaller or equal than the contribution of the corresponding point
y to the RHS, and the contribution is strictly smaller if and only if µ0,j2 < µβ0(j2).
Therefore, if there exists j ∈ {1, ..., r0} for which the inequality µ0,j ≤ µβ0(j) is
strict, then the Inequality (81) is strict and we get a contradiction again. 
Proposition 49. There exist positive ǫ and η such that
(1) the ramification locus of α|E is C× {O},
(2) for any t ∈ Dη and any x ∈ Et,j \ {O} we have µ(ft|V (z1−z1(x)), x) = µβt(j)
if t 6= 0 and µ(ft|V (z1−z1(x)), x) = µβ0(j) if t = 0.
Proof. We show that if any of the conclusions is false then the Leˆ number λ1f,Z′(t, O)
is not independent on t, which is a contradiction, as we have seen in the proof of
Lemma 46.
Since the first polar variety of f is empty, the first Leˆ cycle Λ1f,Z′ is the cycle
associated to the scheme
W := V (∂f/∂z2, ..., ∂f/∂zn) \ Σ ∩ V (∂f/∂z1).
The first Leˆ number of f at (t0, O) is the intersection multiplicity
λ1f,Z′(t0, O) = I(t0,O)([W ], [V (t− t0)]).
By conservation of number in intersection theory, if t0 is small enough, we have
I(0,O)([W ], [V (t− t0)]) =
∑
(t0,x)∈W∩V (t−t0)
I(t0,x)([W ], [V (t− t0)]).
Hence, if there is an irreducible component ofW different from C×{O} and passing
through (0, O) then λ1f,Z′(0, O) is strictly bigger than λ
1
f,Z′(t, O) for t 6= 0.
Suppose that we have (t, x) ∈ E belonging to the ramification locus of α|E .
We may assume (if η is small enough) that in the discriminant of α there are
no components of the form C × {t} for t 6= 0. Hence for any s close enough to
z1(x) the singularity that ft|V (z1−z1(x)) has at x splits in several critical points of
ft|V (z1−s). By the Leˆ-Lazzery non-splitting result we deduce that there is at least
one of them, called xs, such that ft(xs) is not zero. As Σ is contained in f
−1(0)
we have that (t, xs) belongs to V (∂f/∂z2, ..., ∂f/∂zn) \Σ. As xs converges to x as
s converges to z1(x) we conclude that (t, x) belongs to V (∂f/∂z2, ..., ∂f/∂zn) \ Σ.
As ∂f/∂z1(t, x) = 0 (for being (t, x) ∈ Σ) we deduce that (t, x) belongs to W .
Therefore, if the first assertion is false there is an irreducible component of W
which is different from C× {O} and we get a contradiction.
If t = 0, Assertion (2) follows easily (by shrinking ǫ) from the second assertion
of Proposition (48). Suppose now that we have (t, x) ∈ E, with t 6= 0, such that x
belongs to Et,j and
(82) µ(ft|V (z1−z1(x)), x) > µβt(j).
Choose a neighborhood U of x in Cn such that x is the only critical point of
ft|V (z1−z1(x)) in U ∩ V (z1 − z1(x)). As, for generic s, the Milnor number of any
of the singularities of ft|V (z1−s) at Σt,j is equal to µβt(j) (use previous Proposition
applied to Et instead of E0), by the strict inequality (82), we can approximate z1(x)
by a sequence {sn}n∈N such that ft|V (z1−sn) has several critical points in U . By
the Leˆ-Lazzery non-splitting result we deduce that there is at least one of them,
called xn, such that ft(xn) is not zero. From this point the proof proceeds like the
proof for the first assertion. 
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Proof of Theorem 42. By the remarks after the statement of the theorem we know
that it is sufficient to prove that the first condition implies the conclussion.
The dimensional requirement of the first condition for equisingularity at the
critical set follows from Lemma 43 , Lemma 44 and Lemma 46. The first assertion
of Proposition 49 implies that Et is smooth outside the origin, and that
π|E\(C×{O}) : E \ (C× {O})→ Dη
is a submersion. This gives the first condition for equisingularity at the critical set.
The first assertion of Proposition 49 also implies that for any t ∈ Dη the mapping
z1 : Et \ {O} → C has no critical points. Therefore the mapping |z1|2 : Et → R has
the origin as its only minimum and has no critical points in Et \ {O}. Thus the
restriction |z1|
2 : Et \ {O} → (0, ǫ] is a proper function without critical points for
any t ∈ Dη. This function trivialises the desired cobordism and implies the second
condition for equisingularity at the critical set.
The third condition of equisingularity at the critical set follows from the second
assertion of Proposition 49. 
8. Topological stems
Here we modify Pellikaan’s inductive definition of stem of degree d in order
to define topological stems, and prove Theorem D. We refer the reader to the
introduction and to the papers cited there to find motivation for the definition
and applications of stems, and for an explanation of why our modification of the
definition is a reasonable one.
Let m denote the maximal ideal of O(Cn,O).
Definition 50. Let d be a positive integer. We define topological stems of degree
d inductively as follows:
• A holomorphic function germ f : (Cn, O) → C is a topological stem of
degree 1 if there exists a positive integer N such that for any g ∈ mN ,
and t ∈ C sufficiently small, either f + tg has an isolated singularity at the
origin, or it is topologically R-equisingular to f .
• A holomorphic function germ f : (Cn, O) → C is a topological stem of
degree d if there exists a positive integer N such that for any g ∈mN , and
t ∈ C sufficiently small, either f + tg is a stem of degree strictly smaller
than d, or it is topologically R-equisingular to f .
Theorem 51. A holomorphic function germ f : (Cn, O)→ C is a topological stem
of positive finite degree if and only if its critical set is 1-dimensional at the origin.
Proof. Suppose that the critical set of f is 1-dimensional at the origin. We will show
that f is a topological stem of degree bounded by its first Leˆ number with respect
to a generic coordinate system. We work by induction on the first Leˆ number. Let
Z be generic coordinate system. Then f |V (z1) has an isolated singularity at the
origin, with Milnor number µ. As f |V (z1) is µ + 1-determined, for any g ∈ m
µ+2
and any t ∈ C the restriction of the function ht := f + tg to V (z1) has an isolated
singularity at the origin (with the same Milnor number). In this situation the Leˆ
numbers of ht at the origin with respect to Z are well defined for any t ∈ C.
Suppose that λ1ht,Z(O) is constant for t sufficiently small. In view of Defini-
tion 4.1 of [14], it is easy to show that any polar ratio of ht is bounded above by
Mt := λ
0
ht,Z
(O)+1. By the lexicographical upper semicontinuity of the Leˆ numbers
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we have that M := M0 ≥ Mt for t small. The function h0 + zM1 has an isolated
singularity at the origin (see Lemma 4.3, [14]). Denote by µ0 its Milnor number.
Consider N := µ0 + 2. Notice that, as h0 + z
M
1 is N − 1-determined, if g belongs
to mN we have the equality of Milnor numbers
(83) µ(h0 + z
M
1 ) = µ(ht + z
M
1 )
for any t. By the Leˆ-Iomdine formula, if the first Leˆ number of ht is constant then
the 0-th Leˆ number is constant as well, and applying Theorem 41 we find that ht
is topologically R-equisingular for t small enough.
Otherwise λ1ht,Z(O) (t 6= 0 sufficiently small) is strictly smaller than λ
1
h0,Z
(O). In
this case, by induction hypothesis, the germ ht is a topological stem of finite degree
bounded by its generic first Leˆ number at the origin, wich is in turn bounded
by λ1ht,Z(O). We conclude that f is a topological stem of degree bounded by
λ1f,Z(O). 
9. The underlying deformation of the critical set
Notice that the condition of equisingularity at the critical set imposes no condi-
tion at the origin. This observation is probably the explanation of the phenomena
shown in this section. Below we will show how to produce examples of families
which are equisingular at the critical set, but such that the critical set experiences
drastic changes from the analytic viewpoint. We also prove a new topological R-
equisingularity condition for families for which the reduced critical set undergoes a
flat µ-constant deformation of reduced curves in the sense of [3].
We have shown that, if in a family of germs with 1-dimensional critical set the Leˆ
numbers with respect to a generic coordinate system are constant, then the family
is topologically R-equisingular. However topological equisingularity does not imply
the constancy of the Leˆ numbers, even if the dimension of the critical set is 1
(in particular the Leˆ numbers are not topological invariants). In [6] the following
counterexample was constructed:
Example 52. Define germs f, gt : (C
3, 0)→ C by
f(x, y, z) := x15 + y10 + z6
gt(x, y, z) := xy + tz.
Ft := f
2 − g12t = (f + g
6
t )(f − g
6
t ).
The family Ft has critical set of dimension 1, it is topologically R-equisingular, but
the Leˆ numbers with respect to a generic coordinate system are not independent on
t.
Let us mention that (f, gt) : (C
3, 0)→ C is an example due to Henry (appearing
in [3]) of a family of i.c.i.s. with constant Milnor number and non-constant multi-
plicity. In [6] we present a proof of the topological R-equisingularity of this example
based on the results of [4]. An alternate proof of this can be obtained proving that
Ft is equisingular at the critical set. To do this we first show that, after fixing a
certain radius ǫ > 0, the critical set of Ft with reduced structure is given by V (f, gt)
(this can be done in the same way that we treat the next Example 54). After we
observe that, as V (f, gt) defines a µ-constant deformation of the reduced curve sin-
gularity V (f, g0), we have that V (f, gt) is topologically equisingular (see [3]). This
implies the first two conditions for equisingularity at the critical set. The third
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condition, which deals with transversal Milnor numbers can be established by an
easy inspection of the equation of Ft.
The following theorem shows that the previous example illustrates a general
phenomenon.
Theorem 53. Let f : C × (Cn, O) → (C, 0) be a family of holomorphic germs at
the origin, holomorphically depending on a parameter t, and having 1-dimensional
critical set at the origin. Let Σ := V (∂f/∂z1, ..., ∂f/∂zn). Suppose that all the
irreducible components of Σ at (0, O) are of dimension 2 and that the restriction
π : Σred → C
is a flat morphism with reduced fibres (where Σred is Σ with reduced structure and
π is the restriction of the projection of C × Cn to the first factor) such that the
Milnor number at the origin µ((Σred)t, O) (in the sense of [3]) is independent of t.
If, in a neighborhood of (0, O) in C×Cn, the generic transversal Milnor number of
ft at any point (t, x) of Σred \ C× {O} only depends on the irreducible component
of Σred to which (t, x) belongs then the family f is topologically R-equisingular.
Proof. Using [3], Section 5 one proves easily the first two conditions of equisingu-
larity at the critical set. After this the third condition follows now easily from the
hypothesis. The result follows applying Theorem 40. 
However, the condition given in the previous theorem is again not a character-
isation of topological R-equisingularity. The point is that the family of reduced
critical sets does not undergo, in general, a flat deformation. If a holomorphic fam-
ily f : C× (Cn, O)→ (C, 0) of function germs ft with 1-dimensional critical set at
the origin, is equisingular with respect to the critical set then it is easy to see that
the restriction π : Σred → C is flat at (0, O). However, what is not true in general
is that the fibre (Σred)0 is reduced. In fact it may have embedded components at
the origin.
Consider the following deformation of a parametrisation in C3 (with deformation
paremeter t):
(84) x = s3 y = s4 z = ts.
The following equations in C{t, x, y, z} define the image Z ⊂ C× C3 of the family
as a set:
(85) ty − xz = 0 tx3 − y2z = 0 y3 − x4 = 0 t3x− z3 = 0.
Example 54. The family
(86) ft := (ty − xz)
9 + (tx3 − y2z)4 + (y3 − x4)3 + (t3x− z3)12
is equisingular at the critical set. For any t its critical set is the image of the
parametrisation (84). Hence, the family of reduced critical sets does not undergo,
in general, a flat deformation (the fibre of π : Σres → C at 0 has an embedded
component at the origin). Observe that the critical set (Σt)red is smooth for t 6= 0
and singular (of multiplicity 3) for t = 0. The transversal Milnor number is 6 and,
hence the first Leˆ number with respect to a generic coordinate system is 6 for t 6= 0
and 18 for t = 0. Clearly any stabilisation of the form
(87) gt := ft + u
a + vb
has all the above properties and, by Theorem 40 is topologically R-equisingular.
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Before checking the assertions of the example, we observe the following:
Remark 55. We have obtained two topologically R-equivalent functions with crit-
ical locus of dimension 1, such that the critical set is smooth for one of them and
singular at the origin for the other. To the author’s knowledge it is the first time
that this behavior is observed.
The equation ft is quasihomogeneous of degree 30 if we give weights (3, 4, 1) to
the variables (x, y, z). This shows that for any t the critical set of ft is contained
in the central fibre. In the weighted homogeneous plane P (3, 4, 1) it is easy to see
that the curve defined by ft = 0 has a unique singular point corresponding to the
curve Ct parametrised by equations (84). Hence the critical set of ft is precisely
the curve Ct. To show the equisingularity at the critical set of the family ft we
only have to check the condition on the transversal Milnor number, but this follows
from an easy inspection of the equations (the reader may check that the generic
transversal Milnor number at any point of Ct \ {O} is controlled by the following
terms of the equation: (tx3 − y2z)4 + (y3 − x4)3). After this the equisingularity at
the critical set of gt follows easily. As gt : C
5 → C is defined in the good range of
dimensions (n ≥ 5) we can apply Theorem 40 and conclude that the family gt is
topologically R-equisingular.
The fact that the transversal Milnor number in Ct \ {O} is controlled by the
terms (tx3 − y2z)4 + (y3 − x4)3 suggests to play the following game. Observe that
the multiplicity of ft is 9 and that the monomials of order 9 appear in the terms
(y3−x4)3 (for any t) and (ty−xz)9 (only for t 6= 0). Replacing the term (ty−xz)9
by (ty − xz)8 we expect not to change the generic transversal Milnor number at
any point of Ct \ {O}, since it is controlled by two different terms. In fact one may
check that
(88) ht := (ty − xz)
8 + (tx3 − y2z)4 + (y3 − x4)3 + (t3x− z3)12
is a family such that the only component of the critical set of ft meeting the
origin is precisely Ct, with generic transversal Milnor number equal to 6 at any
point of Ct \ {O}. Unfortunately the family is not equisingular at the origin since
for t 6= 0 the critical locus contains precisely 1 Morse point outside Ct, and this
Morse point converges to the origin as t approaches 0. As the family has not
constant multiplicity, if this Morse point would have not appeared, then we would
have obtained a counterexample of Zariski’s multiplicity conjecture (after adding
high powers of new variables in order to meet the dimensional restrictions of our
equisingularity results).
The last examples shows that we have a great deal of flexibility in deforming
the critical set in a family which is equisingular at the critical set (and, in the cor-
rect range of dimensions, topologically R-equisingular). We propose the following
problem:
Problem 56. Construct examples of non-equimultiple, but topologically equisingu-
lar, families of parametrised curves (like 84), with one or several components, and
families of functions whose critical set consists exactly with the parametrised curve
and has a prescribed transversal Milnor number outside the origin (like ft). Observe
that in these conditions the constructed family is equisingular at the critical set.
52 JAVIER FERNA´NDEZ DE BOBADILLA
Specially in the case in which Ct is not an i.c.i.s., and thus we need more equations
than its codimension to define it, we could have enough space to construct examples
of equisingular at the critical set families which are not equimultiple.
References
[1] V.I. Arnold. Local normal forms of functions. Invent. Math. 35, (1976), 87-109.
[2] V.I. Arnold, S. Gusein-Zade, A. Varchenko. Singularities of differentiable mappings I.
Birkhauser (1985).
[3] R.O. Buchweitz, G.M. Greuel. The Milnor number and deformations of complex curve sin-
gularities. Invent. Math. 58 no. 3, (1980), 241-281.
[4] J. Damon, T. Gaffney. Topological triviality of deformations of functions and Newton filtra-
tions. Invent. Math. 72, no 3, (1983), 335-358.
[5] J. Ferna´ndez de Bobadilla. Answers to some equisingularity questions. Invent. Math. 161,
no. 3, (2005), 657-675
[6] J. Ferna´ndez de Bobadilla, T. Gaffney. The Leˆ numbers of the square of a function and their
applications. math.CV/0508151.
[7] H. C. King. Topological type of isolated critical points. Annals of Math. 107, (1978), 385-397.
[8] H. C. King. Topological type in families of germs. Invent. Math 62, (1980), 1-13.
[9] Leˆ D. T., D. Massey. Hypersurface Singularities and Milnor Equisingularity.
ArXiv:math.AG/0504380. See also: Hypersurface Singularities and the Swing.
ArXiv:math.AG/0411432.
[10] Leˆ D. T., C.P. Ramanujam. The invariance of Milnor’s number implies the invariance of the
topological type. Amer. Jour. Math. 98 (1976), 67-78.
[11] E. Looijenga. Isolated singular points of complete intersections. London Math. Soc. Lecture
Notes Series 77, (1983).
[12] D. Massey. The Leˆ varieties I. Invent. Math. 99 (1990), 357-376.
[13] D. Massey. The Leˆ varieties II. Invent. Math. 104 (1991), 113-148.
[14] D. Massey. Leˆ cycles and hypersurface singularities. Lecture Notes in Mathematics 1615.
Springer (1995).
[15] J. Milnor. Singular points of complex hypersurfaces. Annals of Math. Studies 168. Princeton
Univ. Press (1968).
[16] D. Mond. Soe remarks on the geometry and classification of germs of maps from surfaces to
3-space. Topology 26 no. 3 (1987), 361-383.
[17] R. Pellikaan. On hypersurface singularities which are stems. Compositio Math. 71 (1989),
229-240.
[18] M. Tibar. The vanishing neighbourhood of non-isolated singularities.
ArXiv:math.CV/0411572.
[19] J. G. Timourian. The invariance of Milnor’s number implies topological triviality. Am. J. of
Math. 99 no. 2, (1977), 437-446.
[20] C.T.C. Wall. Notes on the clasification of singularities. Proc. London Math. Soc. (3) 48 no.3
(1984), 461-513.
[21] O. Zariski. Open questions in the theory of singularities. Bull. Amer. Math. Soc. 77 (1971),
481-489.
Departamento de Matema´ticas Fundametales. Facultad de Ciencias. U.N.E.D. c/
Senda del Rey 9. 28040 Madrid. Spain.
E-mail address: javier@mat.uned.es
